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Abstract. We study the complexity of a distance-based relaxed variant
of the maximum clique problem, known as Max 2-CLIQUE: A 2-clique
in a graph G = (V,E) is a subset S C V of vertices such that the
distance between any pair of vertices in S is at most two in G. Given
a graph G with n vertices, the goal of Max 2-CLIQUE is to find a 2-
clique of maximum cardinality. It is known that MAX 2-CLIQUE cannot
be approximated in polynomial time within a factor of n'/27¢ for any
€ > 0 unless P = N'P. On the positive side, a polynomial-time O(n1/2)-
approximation algorithm exists for MaXx 2-CLIQUE. In this paper, we
establish tight bounds on the approximability of MAx 2-CLIQUE for
chordal graphs. Specifically, our main contributions are twofold: (i) There
exists a polynomial-time O(nl/ 3)-approximation algorithm for MaXx 2-
CLIQUE on chordal graphs; and (ii) Max 2-CLIQUE on split graphs can-
not be approximated in polynomial time within a factor of n'/3~¢ for any
e > 0 unless P = NP, where the class of split graphs is a well-known
subclass of the class of chordal graphs.

Keywords: 2-clique - 2-club - Chordal graph - Approximability - Inap-
proximability

1 Introduction

1.1 Problems

The Maximum Clique Problem (MAX CLIQUE) is one of the central prob-
lems in graph theory, operations research, and combinatorial optimization.
As such, it has attracted significant research attention [5]: Let G = (V, E)
be an unweighted undirected graph, where V and E denote the set of
vertices and the set of edges, respectively. A clique in a graph G is a
subset @) C V of pairwise adjacent vertices. Notably, the decision version
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of MAaX CLIQUE was included in Karp’s original list of 21 A'P-complete
problems [14], marking it as a seminal result in computational complexity
theory. Cliques have been used to model a wide range of problems across
diverse fields, as they represent extremely cohesive groups, i.e., all mem-
bers are pairwise adjacent. However, this strict requirement can be overly
restrictive in many practical applications, where it may suffice for each
member to be reachable within at most d hops for some d. To address
this, various relaxations of the clique concept have been proposed [4, 18,
19).

In this paper, we consider a distance-based relaxed variant of MAX
CLIQUE, known as the maximum distance-d clique problem (MAX d-
CLIQUE) for a positive integer d [1,15,16|: A distance-d clique (d-clique
for short) in a graph G = (V, E) is a subset S C V of vertices such that
for pairs of vertices u,v € S, the distance between v and v in G is at
most d. Given a graph G, the goal of MAX d-CLIQUE is to find a d-clique
of maximum cardinality in GG. Another related problem is the maximum
diameter-d club problem (MAX d-CLUB), which resembles but is distinct
from MAX d-CLIQUE: A diameter-d club (d-club for short) in a graph G is
a subset S’ C V such that a subgraph of G induced by S’ has diameter at
most d. Given a graph G, the goal of MAX d-CLUB is to find a d-club of
maximum cardinality in G. The key difference between MAX d-CLIQUE
and MAX d-CLUB lies in how distances are measured: In a d-clique, every
pair of vertices has distance at most d in the entire graph G, whereas
in a d-club, the diameter of the induced subgraph is at most d, i.e., every
pair of vertices has distance at most d within the d-club itself. Thus,
a d-club is always a d-clique, but the converse does not necessarily hold,
since the shortest path between two vertices included in the d-clique may
pass through vertices outside the d-clique.

1.2 Previous Results

In the following we assume that the input graph G = (V, E) has |[V| =n
vertices and |E| = m edges. For MAX CLIQUE, that is, for MAX 1-CLIQUE
and MAX 1-CLUB, the best known polynomial-time approximation algo-
rithm guarantees a solution within a factor of n(loglogn)?/(logn)? of the
optimum [10]. On the negative side, MAX CLIQUE cannot be approxi-
mated in polynomial time within a factor of n'=¢ for any € > 0 unless
P = NP |21]. For d > 2, it is known that both Max d-CLIQUE and
Max d-CLUB cannot be approximated in polynomial time within a fac-
tor of n'/27¢ for any ¢ > 0 unless P = NP [2]. On the positive side,



polynomial-time O(nl/ 2)-approximation algorithms have been developed
for both MAX d-CLIQUE and MAX d-CLUB with d > 2 [2].

Although MAX d-CLIQUE and MAX d-CLUB (including MAX CLIQUE)
are difficult to approximate as described above, it is known that MAX
CLIQUE is polynomial-time solvable when the input graph is restricted
to certain classes such as planar graphs, chordal graphs, or graphs with
bounded degrees [12]. This line of research, i.e., restricting the input to
specific graph classes, is a widely studied approach for addressing com-
putationally hard problems. Here we summarize some known results of
Max d-CLIQUE and MAX d-CLUB for various graph classes (refer, e.g.,
to [9] for graph classes and related parameters). Both MAX d-CLIQUE
and MAX d-CLUB are N'P-hard for graphs with degeneracy at most three
when d > 3, or at most two when d > 5 [7]. On the positive side, for trees
that have representative simple structures, MAX d-CLUB can be solved
in polynomial time [11]. Since an optimal solution for MAX d-CLIQUE is
a d-club for trees, the two problems MaAX d-CLUB and MAX d-CLIQUE
are equivalent on trees. Then, for split graphs, MAX 2-CLUB cannot be
approximated in polynomial time within a factor of O(n'/3¢) for any
e > 0 unless P = NP, while a polynomial-time O(nl/ 3)-approximation
algorithm is known [3]|. On the other hand, both Max d-CLUB and MAX
d-CLIQUE become trivial for split graphs when d = 1 or d > 3. To the best
of our knowledge, whether MAX 2-CLIQUE can be solved in polynomial
time or not for split graphs is unknown. Since every split graph is a chordal
graph, the class of chordal graphs forms a superclass of the class of split
graphs. (Note that a tree is also a chordal graph.) Thus, the inapprox-
imability of MAX 2-CLUB on split graphs is transferred to MAX 2-CLUB
on chordal graphs; for chordal graphs, MAX 2-CLUB cannot be approxi-
mated in polynomial time within a factor of O(n'/3~¢) for any ¢ > 0 unless
P = N'P. However, whether MAX 2-CLUB on chordal graphs can be ap-
proximated within a factor of O(nl/ 3) in polynomial time is also unknown.
Besides, MAX d-CLUB is solvable in polynomial time when the input is
(1) interval, (ii) strongly chordal, (iii) weakly chordal, or (iv) chordal for
odd d > 3 [13]. It has been also unknown so far whether Max 2-CLIQUE
is solvable in polynomial time or not for chordal graphs.

1.3 Contributions

This paper addresses the gaps identified in the previous section for chordal
(including split) graphs and d = 2. Below, we summarize the obtained
results:



— Max 2-CLIQUE and also MAX 2-CLUB can be approximated in poly-
nomial time within a factor of O(n!/?) for chordal graphs (and hence
also for split graphs).

— Max 2-CLIQUE on split graphs cannot be approximated in polynomial
time within a factor of n'/3=¢ for any € > 0 unless P = N'P. (Hence
the same inapproximability bound also holds for chordal graphs.)

1.4 Organization

Section 2 introduces the notation and problem definitions. In Sect. 3, we
present the approximability result for MAX 2-CLIQUE on chordal graphs,
followed by the corresponding result for MAX 2-CLUB. Section 4 is de-
voted to establishing the inapproximability of MAX 2-CLIQUE on chordal
graphs. Finally, Sect. 5 concludes the paper with several open problems.

2 Preliminaries

2.1 Notation

Let G = (V,E) be a connected undirected graph, where V and E are
the set of vertices and the set of edges, respectively. V(G) and E(G) also
denote the vertex set and the edge set of GG, respectively. We denote an
edge with endpoints u and v by {u,v}. For a vertex v, the set of vertices
adjacent to v in G, i.e., the open neighborhood of v is denoted by N¢g(v),
and Ng[v] denotes the closed neighborhood of v, i.e., Ng[v] = Ng(v)U{v}.
We generalize the notions of N¢g(v) and Ng[v] to distance two. Let NZ(v)
denote the set of all vertices that are of distance exactly two from a vertex
v, that is, N3(v) = {w | w € Ng(u) \ Ne(v) such that u € Ng(v)}. The
set of all vertices that are of distance at most two from a vertex v is
denoted by NZ[v], namely, NZ[v] = N¢[v]UNZ(v). The degree dg(v) of a
vertex v in G is defined as |Ng(v)|. Then the maximum degree among all
vertices in a graph G is denoted by A(G), i.e., A(G) = max ey (@){da(v)}.

A graph H is a subgraph of a graph G = (V, E) if V(H) C V and
E(H) C E. For a subset of vertices U C V', G[U] denotes the subgraph of
G induced by U, where the edge set of G[U] includes all the edges of G
connecting two vertices in U.

A path P of length ¢ from a vertex vg to a vertex vy in G is represented
as a sequence of vertices such as P = (vg,v1,...,v), where v; € V(G)
for 0 < i < ¢ and {v;,vit1} € E(G) for 0 < ¢ < ¢ — 1. For a pair of
vertices v and v in G, the length of a shortest path from u to v, i.e., the



distance between u and v is denoted by distg(u,v), and the diameter of
G is defined as diam(G) = maxy, yev {distg(u,v)}.

Let G = (V, E) be a graph and H = (V', E’) be its subgraph, where
V! C V and E' C E. Then, the subgraph H or the subset V' of ver-
tices is called a clique, if E' = {{u,v} | u,v € V'}. When E' = 0, H
or V' is called an independent set. A graph G is chordal if every cycle
(vo,v1,v2,...,07—1,v0) in G of length £ > 4 has at least one chord, where
a chord is an edge connecting two vertices v; and v; such that j # (i +1)
mod /. If a cycle does not have any chord, it is called an induced cycle. A
graph G is a split graph if there is a partition of V(G) into a clique C' and
an independent set I such that C NI =@ and CUI = V(G). Using these
C and I, we sometimes write a split graph G as G = (C, I, E), where E
is the edge set of G. It is known that every split graph is a chordal graph;
the class of split graphs is a subclass of the class of chordal graphs [9].

For the maximization problems, an algorithm ALG is called a
o-approximation algorithm and ALG’s approximation ratio is o if
OPT(G)/ALG(G) < o holds for every input G, where ALG(G) and
OPT(G) are the numbers of vertices of obtained subgraphs by ALG and
an optimal algorithm, respectively. A gap-preserving reduction I' from
a maximization problem II; to another maximization problem I, with
four parameters (functions) fi1, f2, a, and [ is defined as follows: Given
an instance x of II;, I' computes an instance y of Ils in polynomial time
such that (i) if OPTy, (z) > fi(z), then OPTy,(y) > fa(y); and (ii)
ift OPTp,(x) < fi(lz])/a(|z]), then OPTm,(y) < f2(y)/B(lyl), where
OPTy, (x) and OPTyg,(y) are optimal values for the instance x of II;
and the instance y of I, respectively. If Il can not be approximated
in polynomial time within a factor of a(|z|) unless P = NP and a gap-
preserving reduction from II; to Ils can be constructed, then Il can
not be approximated within a factor of 5(|y|) in polynomial time unless

P = NP [20.

2.2 Problems

We first provide the formal definition of a d-clique.

Definition 1. A subgraph H of a graph G is a d-clique if distg(u,v) < d
holds for every pair of u,v € V(H).

The diameter of a d-clique may be greater than d, and also a d-clique
may be disconnected. A d-clique with diameter at most d is called d-club.



Definition 2. A subgraph H of a graph G is a d-club if disty(u,v) < d
holds for every pair of u,v € V(H), i.e., diam(H) < d.

A d-club (or a d-clique) is originally defined as a maximal subgraph
in [16], i.e., no super set of vertices of a d-club (or a d-clique) forms
a d-club (or a d-clique). However, according to the modified definitions
in (6, 8], we do not restrict our attention to maximal ones in this paper.
Namely, a non-maximal d-club (or a non-maximal d-clique) can also be
treated as a d-club (or a d-clique). As for the maximality, it is known to
be N'P-complete to answer whether a given d-club is maximal or not [17].

The maximum d-clique problem (MAX d-CLIQUE), and the maximum
d-club problem (MAX d-CLUB) are formulated as follows:

Problem: MAXIMUM d-CLIQUE (MAX d-CLIQUE)

Input: A connected undirected graph G = (V, E).
Output: A maximum d-clique in G.

Problem: MaxiMmum d-CLUB (MAX d-CLUB)

Input: A connected undirected graph G = (V, E).
Output: A maximum d-club in G.

Throughout the paper, we use the following notation: n = |V| and m =
|E| for the input graph G. In the case d = 1, the above two problems are
equivalent; the problems MAX 1-CLUB and MAX 1-CLIQUE are identical
to MAX CLIQUE which is to find a maximum clique in a given graph, and
hence they are generalizations of MAX CLIQUE in terms of distance and
diameter of output subgraphs.

3 Approximability

In this section, we show approximability results. First we show that MAX
2-CLIQUE on chordal graphs can be approximated in polynomial time
within a factor of O(n'/3) in Sect. 3.1. Then, in Sect. 3.2, we see that
Max 2-CLUB on chordal graphs is also approximated in polynomial time
within the same factor O(n'/3).



Fig. 1. A solution S is represented by filled vertices. Within S, there exists a vertex
whose distance from a designated vertex r is two. This figure highlights the vertex
r along with NZ[r], where Ng(r) = {vi,ve,vs,v4} and N&(r) = {v1,ve,v4}. Dashed
circles indicate the sets N (vi) through NG (vs). Note that only the edges between
r and Ng(r), and between Ng(r) and NZ(r), are shown. As a result, the subgraph
induced by the filled vertices may not appear to form a 2-clique in the figure.

3.1 MaAXx 2-CLIQUE on chordal graphs

This section discusses the approximability of MAX 2-CLIQUE for chordal
graphs. Since a maximum clique in a chordal graph can be found in poly-
nomial time [12], we assume that an optimal solution for MAX 2-CLIQUE
is not a clique.

Let S be an optimal set of vertices for MAX 2-CLIQUE on chordal
graph G such that G[S] does not form a clique. The diameter of G[5] is
unclear, since it can be a disconnected graph for MAX 2-CLIQUE. However,
for any vertex r € S, S C NZ[r] holds. For simplicity, G[S] is denoted by
H. Let r € S denote a vertex satisfying that there exists a vertex v € S
with distg(r,v) = 2 (note that it is not “distg(r,v) = 27).

Let d = dega(r), Na(r) = {vi,v2,...,vq}, and N§(r) = Ng(r) N S.
Note that Ng&(r) = 0 can happen, since H may be a disconnected 2-
clique. Let N/, (v;) denote a set of vertices in NZ(r) NS which belong to
N¢(v;) but not belong to Ng(v;) NS for 1 < j <i— 1. That is, formally,
N§(vi) = {w € Na(vi) NSO NE(r) | w ¢ P21 Ng(v))} for 1 <i < d.
See Fig. 1 for an illustration. We can assume [N/, (v1)| > |[N{(v2)| > -+ >
|N((vq)| without loss of generality: To obtain a contradiction, suppose
that | N/ (vi)| < |N((vig1)], and let G’ be the graph obtained by swap-
ping the indices ¢ and ¢ + 1. Then, in G’, N, (v;) = Nj(vi41) U T and
NG (vig1) = Ni(v) \ T, where T is a set of vertices in N(;(v;) N.NG (vig1).
Thus, |NG: ()| > [NGi (vis1)|, since [ NG (v;)| < [N (vig1)].

The algorithm we use in this section is FindStar which simply finds a
vertex u of the maximum degree A(G), and outputs its closed neighbor-



hood Ng[u]. The subgraph induced by Ng[u] is clearly a 2-clique (more
precisely, a 2-club), and obviously FindStar runs in polynomial time. It
is known that FindStar is an O(n'/?)-approximation algorithm for MAX
2-CLIQUE (and also for MAX 2-CLUB) on general graphs [2|. We first
consider the case that N (vs) = 0.

Lemma 1. If N(.(v2) = 0, then the size |S| of the mazimum 2-clique is
at most 2A(G).

Proof. First, the assumption N(;(v2) = @) implies that N (v;) = () also for
i > 3 by the assumption |N{(v;)| > | NG (vig1)|.
Since | N/ (v1)] < A(G) — 1,

S| < {r} U Ne(r) U Ng(v)]
< {r}UNa(r) U (Na(v) \ {r})]
<1+ A(G)+ (AG) -1)
= 24(G),

where the first inequality follows from the facts that Ng(r) NS C Ng(r)
and N/, (v;) =0 for ¢ > 2. O

Next, we consider the case N((v2) # 0 in the following, i.e., there
are at least two v;’s such that [N/ (v;)| > 0. The following two lemmas
demonstrate existence of certain types of edges.

Lemma 2. Suppose that u; € N&(r) N Ne(v;) and uj € NZ(r) N Ne(vj).
If {u;,u;} € E(G), then E(G) includes either or both {v;, u;} and {v;,u;}.

Proof. If v; = vj, then {vj,u;} = {vi,u;} and {v;,u;} = {vj,u;}. By
definition u; € NZ(r) N Neg(vj), {vj,u;} € E(G). Analogously, {v;,u;}
exists in F(G). Thus, the lemma holds.

Consider the case v; # v;. For obtaining a contradiction, assume that
neither {v;, u;} nor {vj,u;} exists in a chordal graph G. There is a cycle
C = (r,v;,u;,uj,vj,r) of length five in G, and neither {r,u;} nor {r,u;}
exists in G' by definitions of u; and u;. See Fig. 2 for an illustration. Thus,
we can have {v;,v;} only as a chord of the cycle C. Even though, still
there is an induced cycle (v;,u;, uj,v;,v;) of length four. Namely, by the
assumption, there is an induced cycle of length four or five, implying that
G is not chordal. This is a contradiction, and thus E(G) includes either
or both {v;,u;} and {vj,u;}. O



Fig. 2. Cycle (r,v;,us, uj,v;,r) of length five. Dashed lines indicate where edges can
not exist by assumption of the proof of Lemma 2.

Fig. 3. Cycle (r,v;, us, w,uj,v;,r) of length six. Dashed lines indicate where edges can
not exist by assumption of the proof of Lemma 3.

Lemma 3. Suppose that u; € N&(r) N Ne(v;) and uj € NZ(r) N Ne(vj).
If there is a path (u;, w,uj), for some w ¢ Nglr] and {u;,u;} € E(G),
then E(G) includes both {w,v;} and {w,v;}.

Proof. If v; = wvj;, then there is a cycle C = (v, u;, w,u;,v;). Since
{ui,u;} ¢ E(G) and G is chordal, {w,v;}(= {w,v;}) must exist as a
chord of C.

Consider the case v; # wv;. First, there exists a cycle C =
(r,vi, us, w,uj,vj,r) in G, where none of {r,u;}, {r,u;}, {r,w}, and
{uj,u;} exists. See Fig. 3 for an illustration. Look at the subpath
(vi,uj, w,uj) of C, whose length is three. To obtain a contradiction,
assume that {w,v;} ¢ E(G). Even if we add all remaining (possible)
edges {vi,v;}, {vi,u;}, {wi,vj}, and {w,v;}, there exists an induced cycle
(vi, us, w,uj,v;) of length four. This contradicts the assumption that G is
chordal. Hence {w,v;} € E(G). By a similar argument, {w,v;} € E(G),
too. O



Fig. 4. Assignment of each pair of vertices in NZ(r) NS to an edge between Ng(r)
and NZ(r) in the proof of Lemma 4. The pairs (u1, u2), (u2,us), (u2,us), and (us,u4)
are assigned to the edges {v2, u1}, {vs,u2}, {va, w}, and {vs, ua}, respectively. Unfilled
vertices are assumed not to be included in the solution. However, this assumption is
immaterial, since the proof relies only on the edges between Ng(r) and N&(r).

Next, we bound the size of U?Zl N{(vj), which plays an important
role to show the approximability of FindStar. Let g = | U;.lzl NG (vy)].

Lemma 4. If Nj,(v2) # 0, then ¢ < 4- A(G)3/2 +1.

Proof. For simplicity, let V = V(G), E = E(G), and A = A(G). We
estimate ¢ by analyzing the number of edges between Ng(r) and NZ(r).

The proof strategy. The proof proceeds as follows.

(I) For a pair of vertices u; € Nj(v;) and u; € Ng(vj), we assign the
pair (u;,u;) to an existing edge between Ng(r) and NZ(r), utilizing
Lemmas 2 and 3. See Fig. 4 for an illustration.

(IT) A single edge may be assigned to multiple such pairs by (I). We
observe that the number of pairs assigned to any edge is at most 8A.

(IIT) Since the number of edges emanating from Ng(r) is at most A -
|Nc(r)], the total number g(¢—1)/2 of pairs in U;l:l N{,(vj) is bounded
above by 8A2% - | Ng(r)|. This yields the desired bound on gq.

(I) We begin by selecting an edge to which the pair (u;,v;) will be as-
signed, where i < j. To ensure that distg(u;,u;) < 2, there must exist
additional edges beyond the four fixed ones: {r,v;}, {vi,u;}, {r,v;}, and
{vj,u;}. Note that neither {r,u;} nor {r,u;} can exist; otherwise u; €
Ng(r) or uj € Ng(r), contradicting the assumptions that u; € N (v;)
and u; € N/ (v;). Therefore, to satisfy the distance condition, one of the
following must hold: (A) {v;,u;} € E, (B) {vj,uw;} € E, (C) {w;,u;} € E,
or (D) there exists a path (u;,w,u;) for some vertex w € V' \ {r,v;,v;}.



Uy Uj

Uy Uy

Fig.5. (D-1) A path (u;, w,u;), where w = vy, for some k & {i,j}.

(Note that, for example, if w = v; then {u;,v;} € E). In the following, we
examine each of these cases (A)-(D) to determine an appropriate edge to
which the pair (u;,u;) can be assigned.

(A) If {vs,u;} € E, it contradicts the assumption u; € N((v;) for i < j
by the definition of N{;(vj). Thus, we assume {v;,u;} ¢ E in the
following.

(B) If ({vi,u;} € E and) {vj,u;} € E, we assign the pair (u;,u;) to
this edge {vj, u;}. By this type, pairs (u;,u) for u € N/ (v;) may be
assigned to {vj,u;}. (In Fig. 4, the pair (u1,u2) is assigned to the edge
{va,ur}.)

(C) Suppose that ({vj,u;} ¢ E and) {u;,u;} € E. From Lemma 2,
{{vi,u;},{vj,u;}} N E # 0. However, from (A), {v;,u;} ¢ E, and
thus {vj,u;} € E. Therefore, this case is included in (B), and hence
we assign the pair (u;,u;) to this edge {v;,u;}. (In Fig. 4, the pair
(ug,us) is assigned to the edge {vs, us}.)

(D) Suppose that ({vi,u;} & E, {vj,u;} € E, {u;,u;} € E, and) a path
(ui, w,u;) for some vertex w € V' \ {r,v;,v;} exists. Note that w ¢ S
can happen. We further distinguish this case into five subcases, (D-
1) w = vy, for some k & {i,j}, (D-2) w € NZ(r) N Ng(vg) for some
k& {i,j}, (D-3) w e N&(r)NNg(v;), (D-4) w € N&(r) N N (vj), and
(D-5) w & N&[r].

(D-1) The case w = vy, for some k ¢ {i,7}: See Fig. 5 for an illus-
tration. We assign the pair (u;, u;) to the second edge {vi,u;} of
the path (u;, v, u;). (In Fig. 4, the pair (ug,u4) is assigned to the
edge {vs, us}.)

(D-2) The case w € NZ(r) N Ng(vy) for some k & {i,j}: See Fig. 6
for an illustration. Look at the second edge {w,u;} of the path
(ui, w, uj). From Lemma 2, there must exist {vg, u; } and/or {v;, w}
in E. If {vg,uj} € E, we assign the pair (u;,u;) to {vg,u;}, oth-
erwise, we assign the pair (u;, u;) to {w,v;}.



Fig. 6. (D-2) A path {(u;,w,u;), where w € N&(r) N Ng(vx) for some k ¢ {i,j}. From
Lemma 2, {vg,u;} € E and/or {v;,w} € E.

r

U; Uj

U U
w

Fig. 7. (D-3) A path (u;, w,u;), where w € N&(r)N Ng(v;). From Lemma 2, {v;, w} €
E.

(D-3) The case w € NA(r) N Ng(v;): See Fig. 7 for an illustration.
As in (D-2), from Lemma 2, there must exist {v;,w} in E.

(D-4) The case w € NZ(r) N Ng(vj): In this case, the edge {v;, w}
exists in . Thus, we assign the pair (u;, u;) to the edge {vj, w}.

(D-5) The case w ¢ NZ[r]: See Fig. 3 again for an illustration. By
Lemma 3, there exists an edge {v;, w} in E, i.e., w € Ng(v;). This
contradicts the assumption w ¢ NZ[r], that is, this case does not
occur.

By the above cases (A)-(D), every pair (u;,u;) for u; € N/ (v;) and
u; € N¢:(vj) for @ < j is assigned to an edge that emanates from Ng(r).

(1I) Next we estimate how many pairs can be assigned to a single edge
between Ng(r) and NZ(r). Consider an edge {v;, u;}, where v; € Ng(r)
and u; € N/ (v;). Recall that Case (A) does not assign any pair to {v;, u;},
and Case (C) is subsumed by Case (B). Therefore, we focus on Cases (B)
and (D) in the following analysis.



(B) When {vj,u;} € E, the pair (u;, u;) is assigned to the edge {vj, u;}:
In this case, multiple pairs (u;, up), where h € N{;(vj), may be assigned
to the same edge {v;,u;}. Since degg(vj) < A, the number of pairs
assigned to {vj,u;} under Case (B) is at most A.

(D) As in the above discussion, we consider each of the distinguished
cases:

(D-1) When {vg,u;} is the second edge of a path (u;,vg,u;), the
pair (u;,u;) is assigned to the edge {vg,u;}: This edge {vg,u;}
may serve as the second edge of such a path (u,vy,u;) for some
u € N&(r)N S. Since dege(v) < A, the number of pairs assigned
to {vg,u;} under Case (D-1) is at most A.

(D-2) When {w,u;} is the second edge of a path (u;, w,u;), where
w € N[ (v;) and k & {i,7}, the pair (u;,u;) is assigned to either
{vk, u;} or {v;, w}: The edge {w, u;} may serve as the second edge
of a path (u,w,u;) or of a path (u,u;,w) when w € §, for some
u € N&(r) N S. Since degg(w) < A and dega(u;) < A, at most
2A pairs can be assigned to each of the edges {vy, u;} and {w,v;}
under Case (D-2).

(D-3) When {w,u;}, with w € N{;(v;), is the second edge of a path
(ui, w, uj), the pair (u;, u;) is assigned to the edge {v;, w}: Similar
to Case (D-2), the edge {w, u;} may serve as the second edge of at
most 2A paths of the form (u,w,u;) and (u,u;, w) (when w € S),
for some u € NZ(r) N S. Thus, at most 2A pairs are assigned to
the edge {vj, w} under Case (D-3).

(D-4) When {w,u;}, with w € N/,(v;), is the second edge of a path
(ui, w, uj), the pair (u;, u;) is assigned to the edge {v;, w}: Similar
to Cases (D-2) and (D-3), at most 2A pairs are assigned to the
edge {vj, w} under Case (D-4).

In total, the number of pairs assigned to any single edge between N¢(r)

and NZ(r) is at most

A+ A+2A+2A42A =8A,

where the first two terms A come from Cases (B) and (D-1), and the
remaining three terms 2A correspond to Cases (D-2), (D-3), and (D-4),
respectively.

(I1I) Since |Ng(r)| < A, the number of edges between N¢(r) and NZ(r)
is at most |Ng(r)| - A < A2. The number of pairs (u,u’)’s, where u,u’ €
U?:1 N((v5), is (g — 1)/2. Thus, it must hold (as a necessary condition)

(@—1 _alg—1)
2 = 2

< A?.8A,



which implies
g<4-A%?411.

O]

Based on the above lemma, we obtain an upper bound of the size of
the maximum 2-clique:

Corollary 1. The size of the mazximum 2-clique in a chordal graph G is
at most 4 - A(G)*? + A(G) + 2

Proof. Let G be an input chordal graph, and S be the vertex set of the
maximum 2-clique in G. If N/, (v2) = 0, then |S| < 2A(G) from Lemma 1.
If N{;(v2) # 0, then

d

S| = [{r} UNg(r) U

IN

{7"} U NG

C&

Jj=1

IN

1+ AG) +
<4-AG)PP? 4+ AG) +2

where the first inequality is based on the fact N&(r) € Ng(r), the second
inequality holds since |[{r} U Ng(r)| < 1+ A(G), and then the last in-
equality is from Lemma 4. The lemma follows from the observation that
2A(G) < 4-A(G)P? + A(G) + 2. O

Based on the above lemma, we can show that FindStar is an O(n'/?3)-
approximation algorithm:

Theorem 1. FindStar is an O(n'/3)-approzimation algorithm for MAX
2-CLIQUE if the input is a chordal graph.

Proof. Let S* denote an optimal set of vertices, and let A = A(G). Then,
FindStar outputs a 2-clique of A + 1 vertices.

Consider the case A > n?/3. Since it is obvious that |S*| < n, the
approximation ratio of FindStar is at most n/(A + 1) < n'/3.

Next, consider the case A < n%/3. It holds |S*| < 4- A% 4 A+2 from
Corollary 1, and thus, the approximation ratio for this case is at most

4-032 4+ A2
A4+1

= 0(AY?) = 0(n'/?).



Therefore, in every case, the approximation ratio of FindStar is
O(n'/3). O

3.2 MaAx 2-CLUB on chordal graphs

Since a 2-club is a 2-clique, the maximum 2-clique is larger than the
maximum 2-club. Thus, the upper bound of the maximum 2-clique size
shown in Corollary 1 is transferred to MAax 2-CLUB:

Corollary 2. The size of the mazximum 2-club in a chordal graph G is at
most 4 - A(G)3? + A(G) + 2.

Then, the proof of Theorem 1 also gives the next theorem:

Theorem 2. FindStar is an O(nl/g)-appmxz'mation algorithm for MAX
2-CLUB if the input is a chordal graph.

4 Inapproximability

This section investigates the intractability of MAX 2-CLIQUE on chordal
graphs. It is known that MAX 2-CLUB on split graphs cannot be approxi-
mated in polynomial time within a factor of O(n'/3=¢) for any ¢ > 0 unless
P = NP [3]. Since every split graph is a chordal graph, the inapproxima-
bility result directly extends to chordal graphs: MAX 2-CLUB on chordal
graphs also cannot be approximated in polynomial time within a factor
of O(n'/37¢) for any ¢ > 0 unless P = N'P. In the previous section, we
showed that both Max 2-CLUB and MAX 2-CLIQUE admit polynomial-
time O(nl/ 3)-approximation algorithms for chordal graphs. Thus, the re-
maining task in this section is to show that MAX 2-CLIQUE on chordal
graphs cannot be approximated in polynomial time within a factor of
O(n'/3=¢) for any € > 0 unless P = N'P. To this end, we prove the same
inapproximability bound, O(nl/ 3=¢) for split graphs, which immediately
implies the corresponding inapproximability result for chordal graphs as
well.

The next lemma shows that a maximum 2-clique in a split graph
G = (C, I, F) contains C as its vertex subset.

Lemma 5. A mazimum 2-clique in a split graph G = (C, I, E) contains

C.

Proof. Let S* = C* U I* be a maximum 2-clique in a split graph G =
(C,1,E) such that C* C C and I* C I. For the sake of contradiction,



assume C' — C* # (). If I* = (), it contradicts the assumption that S* is a
maximum 2-clique, since C' is a clique and thus it is a 2-clique including
more vertices than S*. Hence, if I* = (), C* = C. Assume that I* # () in
the following.

Let v € C'\ C*. Since C is a clique, we have distg(v,u) = 1 for
any v € C*. Now consider a vertex u € I*. If v € Ng(u), then clearly
distg(v,u) = 1. Assume instead that v € Ng(u), and let v/ € C be a
vertex in Ng(u). Because C is a clique, we have {v',v} € E(G), and
hence distg(v,u) = 2. Therefore, S*U{v} is also a 2-clique with (|S*|+1)
vertices, contradicting the assumption that S* is a maximum 2-clique.
Consequently, the assumption C' — C* # () is false, and thus C* = C
holds. O

The next lemma shows that a maximum 2-clique is a 2-club in a split
graph.

Lemma 6. A maximum 2-clique in a split graph is a 2-clubd.

Proof. Let §* = C U I* be a maximum 2-clique in a split graph G =
(C,1,FE) such that I* C I, where S* contains C, based on Lemma 5. Also
let H = G[S*].

If [I*] =0, ie., I* =0, then H = G[C] is a clique and hence a 2-club.
Suppose that |I*| = 1, and let I* = {u}. Consider any vertex v € C.
If v € Ng(u), then disty(v,u) = 1. Otherwise if v € Ng(u), there is a
vertex v' € Ng(u) (C C) such that there is a path (u,v’,v) of length two
in H, ie., distg(u,v) = 2. Also, since C is a clique, for any u,v € C,
distg(u,v) = 1. Thus, the distance between any pair of two vertices is at
most two in H, i.e., H is a 2-club.

As the last case, assume that |I*| > 2. It holds disty(u,v) < 2, if
either or both u and v are in C, according to the discussion for the case
|I*| = 1. Now, we consider two distinct vertices u,v € I'*. By the definition
of I C I, there is no edge between u and v. Since H is a 2-clique, there
is a vertex w in G such that there is a path (u,w,v) of length two in G.
It is clear that w € C. Since C' C S*, w € S* which ensures that the path
(u,w,v) also exists in H implying that disty(u,v) = 2. Therefore H is a
2-club. O

Based on the above lemma, we show the following theorem.

Theorem 3. In a split graph, a maximum 2-club is also a maximum 2-
clique, and vice versa.



Proof. Let H and H' be a maximum 2-club and a maximum 2-clique in
a split graph, respectively. From Lemma 6, H' is also a 2-club. Thus,
|H'| < |H| holds. It is clear that a 2-club is also a 2-clique, which implies
that |H| < |H'|. Therefore |H| = |H'| holds, i.e., H' (or H) is a maximum
2-club (or a maximum 2-clique), too. O

Since finding a maximum 2-clique is equivalent to finding a maximum
2-club in a split graph from the above theorem, the inapproximability
of Max 2-CLUB on split graphs [3] is transferred to MAX 2-CLIQUE on
split graphs, which also gives an inapproximability of MAX 2-CLIQUE on
chordal graphs.

Corollary 3. Max 2-CLIQUE on split graphs (a subclass of chordal
graphs) cannot be approzimated in polynomial time to within a factor of
n'/3=¢ for any e > 0 unless P = N'P.

5 Conclusion

We have shown that MAX 2-CLIQUE on chordal graphs admits a
polynomial-time O(n'/?)-approximation algorithm. On the negative side,
we also proved that MAX 2-CLIQUE on chordal graphs cannot be ap-
proximated in polynomial time within a factor of n'/37¢ for any ¢ > 0
unless P = N'P. As a secondary result, we further established that MAX
2-CLUB also admits a polynomial-time O(n'/3)-approximation algorithm
for chordal graphs.
We conclude by listing several open problems:

— Is Max d-CLIQUE on chordal graphs N'P-hard for d > 37

e It is known that MAX d-CLUB on chordal graphs can be solved
in polynomial time for odd d > 3 [13], and is N'P-hard for even
d>413].

— What is the complexity of MAX 2-CLIQUE on bipartite graphs?

e While Max 2-CLUB can be solved in polynomial time for bipar-
tite graphs [3], it remains open whether MAX 2-CLIQUE is also
polynomial-time solvable.

— Are there graph classes for which the complexities of MAX d-CLIQUE
and MAX d-CLUB differ?

e To the best of our knowledge, the complexities of these two prob-
lems coincide for all graph classes studied so far (from the view-
point of the polynomial-time solvability). Bipartite graphs may
serve as a candidate for identifying such a separation.
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