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Abstract

The problem of computing the longest common subsequence of two sequences
(LCS for short) is a classical and fundamental problem in computer science. In
this article, we study four variants of LCS: the REPETITION-BOUNDED LONGEST
COMMON SUBSEQUENCE problem (RBLCS), the MULTISET-RESTRICTED COM-
MON SUBSEQUENCE problem (MRCS), the Two-SIDE-FILLED LONGEST COM-
MON SUBSEQUENCE problem (2FLCS), and the ONE-SIDE-FILLED LONGEST
COMMON SUBSEQUENCE problem (1FLCS). Although the original LCS can be
solved in polynomial time, all these four variants are known to be NP-hard.
Recently, an exact, O(1.44225™)-time, dynamic programming (DP) based algo-
rithm for RBLCS was proposed, where the two input sequences have lengths n
and poly(n). Here, we first establish that each of MRCS, 1FLCS, and 2FLCS
is polynomially equivalent to RBLCS. Then, we design a refined DP-based al-
gorithm for RBLCS that runs in O(1.41422™) time, which implies that MRCS,
1FLCS, and 2FLCS can also be solved in O(1.41422™) time. Finally, we give a
polynomial-time 2-approximation algorithm for 2FLCS.
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1. Introduction

1.1. Longest common subsequence problems with occurrence constraints

The problem of computing the longest common subsequence of two se-
quences (LCS for short) is a classical and fundamental problem in computer
science [4, 5, 10, 16]. Indeed, many polynomial-time algorithms have been pub-
lished for LCS [9, 10, 12, 16]. A natural extension of LCS is to impose con-
straints on the occurrences of the symbols in the solution. It has been shown
that even very simple constraints may make the problem computationally much
harder. As an example, the REPETITION-FREE LONGEST COMMON SUBSE-
QUENCE problem (RFLCS), introduced by Adi et al. [1] is: Given two sequences
X and Y over an alphabet ¥, the goal of RFLCS is to find a “repetition-free”
longest common subsequence of X and Y, where each symbol appears at most
once in the obtained subsequence. Adi et al. [1] proved that RFLCS is APX-hard
even if each symbol appears at most twice in each of the given sequences. On
the positive side, they showed that RFLCS admits a polynomial-time occqq-
approximation algorithm, where occy,q, is defined as follows: Let occ(W, o) be
the number of occurrences of a symbol ¢ in a sequence W. Then occp,q, is the
maximum of min{occ(X,0),0cc(Y,0)} taken over all ¢’s in two sequences X
and Y.

Mincu and Popa [13] introduced a general form of RFLCS, called the MuL-
TISET RESTRICTED COMMON SUBSEQUENCE problem (MRCS): Given two se-
quences X and Y, and a multiset M over the alphabet X, the goal of MRCS
is to find a common subsequence Z s of X and Y, that contains the max-
imum number of symbols from M. If M = X, then MRCS is essentially
equivalent to RFLCS. Therefore, MRCS is also APX-hard. In [13], the authors
showed that there exists an exact algorithm solving MRCS with running time
O(|X||Y|(t+1)I*1), where t is the maximum multiplicity of symbols in M. Also,
they provided a polynomial-time 24/min{|X|, |Y'|}-approximation algorithm for
MRCS [13].

Recently, Asahiro et al. [2] introduced a slightly different generalization of
RFLCS, called the REPETITION-BOUNDED LONGEST COMMON SUBSEQUENCE
problem (RBLCS for short): Let ¥ = {01,09,...,0%} be an alphabet of k sym-
bols and C,.. be an occurrence constraint C,.. : ¥ — N, assigning an upper
bound on the number of occurrences of each symbol in . Given two sequences
X and Y over the alphabet ¥ and an occurrence constraint C,.., the goal
of RBLCS is to find a “repetition-bounded” longest common subsequence of X
and Y, where each symbol o; appears at most C,..(0;)-times in the obtained
subsequence for ¢ = 1,2,...,k. In [2], Asahiro et al. provided a dynamic pro-
gramming (DP) based algorithm for RBLCS and proved that its running time
is 0(1.44225/X1) for any occurrence constraint C,.., assuming |X| < |Y| and
|Y| = poly(|X|), and even less in certain special cases. In particular, for RFLCS,
that algorithm runs in O(1.41422/%1) time. NP-hardness and APX-hardness
results for RBLCS on restricted instances were also shown in [2].

1.2. Longest common subsequence problems on incomplete sequences

The comparison of biological sequences is a widely investigated field of bioin-
formatics, in which the genomic features including DNA sequences and genes
of different organisms are compared in order to identify biological differences
and similarities. In genomic analyses, however, the considered genomes are
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usually incomplete and thus there are cases where we have to reconstruct com-
plete genomes from incomplete genomes (so-called scaffolds) by filling in missing
molecular data. For this purpose, Munoz et al. [15] formulated the following
combinatorial optimization problem, called the ONE-SIDED SCAFFOLD FILLING
problem (1SF): Given an incomplete genome Y, a multiset M of missing genes,
and a reference genome X, the goal of 1SF is to insert the missing genes into Y’
so that the number of common adjacencies between the resulting Y* and X is
maximized. Subsequently, Jiang et al. [11] proposed the TWO-SIDED SCAFFOLD
FILLING problem (2SF): Given two scaffolds (incomplete genomes), the goal of
2SF is to fill the missing genes into those two scaffolds respectively to result
in such two genomes that the number of common adjacencies between them is
maximized.

Inspired by methods for genome comparison based on LCS and by 1SF/2SF,
Castelli et al. [6] introduced a new variant of LCS, called the ONE-SIDE-FILLED
LONGEST COMMON SUBSEQUENCE problem (1FLCS), which aims to compare
a complete sequence with an incomplete one, i.e., with some missing elements:
Given a complete sequence X, an incomplete sequence Y, and a multiset My
of symbols missing in Y, 1FLCS asks for a sequence Y obtained by inserting a
subset of the symbols of My into Y so that Y+ induces a common subsequence
with X of maximum length. The authors proved the APX-hardness of 1FLCS
and designed a polynomial-time %—approximation algorithm for 1FLCS. They
also presented an exponential-time exact algorithm for 1FLCS. (However, they
did not analyze its time complexity in detail.) In [7], Castelli et al. showed that if
the alphabet size || is a constant, then there is a polynomial-time algorithm for
1FLCS, and concluded by introducing the TwoO-SIDE-FILLED LONGEST COM-
MON SUBSEQUENCE problem (2FLCS), i.e., LCS on two incomplete sequences
and two multisets of missing symbols: Given two incomplete sequences X and
Y, and two multisets Mx and My, 2FLCS asks for two sequences X+ and
YT obtained by inserting subsets of the symbols of Mx and My into X and
Y, respectively, so that X+ and YT induce a common subsequence of max-
imum length. They conjectured that 2FLCS can be approximated within a
constant factor in polynomial time, and that the following simple method gives
a 2-approximation:

(1) Find a longest common subsequence Z; of X and Y. Let X and Y be
the subsequences remaining after deleting the symbols corresponding to Z;
from X and Y, respectively.

(2) Obtain a sequence Z, from X and Y that maximizes the number of symbols
matched by inserting the symbols in My into X and the ones in My into
Y, respectively.

(3) If | Z1| > |Z2|, then output Z;; otherwise, output Zs.

Moreover, they conjectured that 2FLCS can be solved in polynomial time if the
alphabet size is a constant.

1.8. Our contributions

Suppose that there exist an O(T'4)-time algorithm for an optimization prob-
lem P4 and an O(Tg)-time algorithm for another optimization problem Pg. In
this article, we say that two problems P4 and Pp are polynomially equivalent,
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or that polynomial-time equivalence between P4 and Ppg holds, if an optimal
solution for an instance 74 of P4 can be obtained in O(Tg) + O(poly(|1al))
time and an optimal solution for an instance Ig of Pp can be obtained in
O(T4) + O(poly(]Ig])) time. Our contributions are:

1. We establish that MRCS is polynomially equivalent to RBLCS by showing
the following: (i) From an input (X,Y, M) of MRCS, we construct an
input (X,Y, Cocc) of RBLCS in O(poly(|(X,Y, M)|)) time. Then, from an
optimal solution Zr of RBLCS on (X,Y,C,..), we construct an optimal
solution Zp; of MRCS on (X,Y, M) in O(poly(|(X,Y, M)|)) time. Con-
versely, (ii) from an input (X, Y, Coe.) of RBLCS, we construct an input
(X,Y, M) of MRCS in O(poly(|(X,Y, Cocc)|)) time. Then, from an opti-
mal solution Z; of MRCS on (X, Y, M), we construct an optimal solution
Zr of RBLCS in O(poly(|(X,Y, Cocc)])) time. It is important to note that
our constructions between two inputs are “input-sequences preserving re-
ductions”, i.e., X and Y in (X,Y, M) and (X,Y, C,.) are identical.

2. Similarly to the above, we show the polynomial-time equivalence between
1FLCS and RBLCS: (i) From an input (X,Y, My) of 1FLCS, we construct
an input (X,Y,Cye) of RBLCS in O(poly(|(X,Y, My)|)) time. Then,
from an optimal solution Zr of RBLCS on (X,Y, Cye), we construct an
optimal solution Z1p of 1FLCS on (X,Y, My) in O(poly(|(X,Y, My)]))
time. Conversely, (ii) from an input (X, Y, Coee) of RBLCS, we construct
an input (X,Y, My) of 1FLCS in O(poly(|(X,Y, Coec)|)) time. Then, from
an optimal solution Z; g of 1IFLCS on (X,Y, My ), we construct an optimal
solution Zg of RBLCS on (X,Y, Coee) in O(poly(|(X,Y, Coee)|)) time.

3. We prove the polynomial-time equivalence between 2FLCS and RBLCS.
Due to the second contribution and 1FLCS being a special case of 2FLCS
(see Remark 1 below), we only need to show one direction: (i) From
an input (X,Y, Mx, My) of 2FLCS, we construct an input (X,Y, Cye.)
of RBLCS in O(poly(|(X,Y, Mx, My)|)) time. Then, from an optimal
solution Zgr of RBLCS on (X,Y, Cyee), we construct an optimal solution
Zyp of 2FLCS on (X, Y, M x, My) in O(poly(|Zr|)) time.

4. We design a refined DP-based algorithm that runs in O(1.41422™) time
for RBLCS on two sequences X of length n and Y of length m (assuming
that n < m and m = O(poly(n))), while the previously known running
time was 0(1.44225™) in [2].

5. We give a simple polynomial-time 2-approximation algorithm for 2FLCS,
thus resolving one of the conjectures in [7].

Remark 1. One sees that IFLCS on (X,Y, My) is equivalent to 2FLCS on
(X,Y,0, My); 1IFLCS can be solved by using an algorithm for 2FLCS. From
item (i) in the second contribution, RBLCS can also be solved by using the al-
gorithm for 2FLCS with some extra polynomial-time calculations. Therefore,
the one-way equivalence in the third contribution demonstrates the “two-way”
polynomial-time equivalence between 2FLCS and RBLCS. Furthermore, interest-
ingly, an algorithm for 1FLCS can solve 2FLCS within an extra polynomial-time
factor.
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Remark 2. None of the constructions between inputs described above change
the sequences X andY. In particular, | X| and |Y| remain the same, so the above
polynomial-time equivalences by the first, the second, and the third contributions
imply that MRCS, 1FLCS, and 2FLCS can also be solved in O(1.41422™) time by

the fourth contribution.

Remark 3. We also remark that the polynomial-time equivalence between
IFLCS and 2FLCS gives an affirmative answer to the conjecture on the
polynomial-time solvability of 2FLCS for a constant size alphabet in [7] since
we do not change X.

2. Preliminaries

2.1. Notation

An alphabet ¥ = {01,09,...,01} is a set of k symbols. Let X be a sequence
over the alphabet ¥ and |X| be the length of the sequence X. Throughout
the article, a sequence X is often regarded as a multiset of the same symbols.
For example, X = (z1,xa,...,z,) is a sequence of length n, where z; € ¥ for
1<i<n,ie.,|X|=n. A subsequence of X is obtained by deleting zero or more
symbols from X. Then, we say that a sequence Z is a common subsequence of
X and Y if Z is a subsequence of both X and Y. Given two sequences X and Y
over the alphabet ¥ as input, the goal of the LONGEST COMMON SUBSEQUENCE
problem (LCS) is to find a longest common subsequence of X and Y, which is
denoted by LCS(X,Y). Let L(X,Y) denote the length of LCS(X,Y).

For the sequence X, the consecutive subsequence, 1i.e., substring
(®i, Tiy1,...,2;) is denoted by X; ;. Then, we define the ith prefiz of X,
fori=1,...,n,as X; ; = (x1,29,...,x;). Also, we define the ith suffiz of X,
for ¢ = 1, ...,n, as Xi..n = <£Z?1', LTiglye-- ,SCn>. Xl..n is X.

Let X = (x1,x9,...,z,) and Y = (y1,y2, ..., ym) be the given two sequences
of length n and length m, respectively. Assume that n < m and m = poly(n)
from now on. Suppose that Z = (21, 22, ..., zp) is a common subsequence with
length p of X and Y. Then, we can consider two strictly increasing sequences
Ix = (i1,12,...,1p) of indices of X and Iy = (j1,j2,...,Jp) of indices of ¥ such
that z; = x;, = y;, holds for each £ = 1,2,...,p. We call the pair (Ix,Iy) of
such sequences an index-expression of the common sequence Z of X and Y. A
pair (z;,,y;,) is called the ¢th match. Also, we say that the fth match is zy, 2;,,
or Y, -

For two sequences A = (a1, ..., a;) of length ¢ and B = (by,...,b;) of length
7, let A & B be the concatenation of A and B, i.e., the sequence A & B =
(a1,...,a3,b1,...,b;) of length i+ j. For X = (x1,22,...,2,) of length n, let
X \ (i) denote the sequence obtained by deleting the ith symbol z; from X,

fe, X\ (1) =X1.i-1® Xiq1.n = (T1,%2, .« ., X1, Tig1, - - -, T ). Similarly, for
1<y <ig<---<ip<m,let X\ (i1,42,...,1p) be the sequence obtained by
deleting p symbols z;,, xi,, ..., z;, from X.

Let M be a multiset of symbols in ¥ and let | M| be the cardinality of M.
Let occ(M, o) denote the occurrences (i.e., the multiplicity) of a symbol o € £
in a multiset M. Let M\ {o*} be the multiset obtained by removing £ ¢’s from
a multiset M. Let M\ {o*} be the multiset obtained by removing all ¢’s from
a multiset M.
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Consider a multiset M of cardinality ¢ and obtain an arbitrarily fixed se-
quence M = (u1, o, ..., ) of £ symbols in M, called a sequence-expression
of the multiset M. In the following, the multiset M is often regarded as its
sequence-expression M; M and M are used interchangeably. Similarly to the
above, for 1 < iy < iy < -+ < iy < £, let M\ (i1,12,...,%p) be the sequence
obtained by deleting p symbols p;,, pi,, ..., pi, from M.

An algorithm ALG is called an c-approximation algorithm and ALG’s approxi-
mation ratio is a if OPT'(x)/ALG(x) < « holds for every input z of an LCS-type
problem, where ALG(x) and OPT(x) are the lengths of solutions obtained by
ALG and an optimal algorithm, respectively.

2.2. Repetition-bounded longest common subsequence

Recall that occ(W, o) is the number of occurrences of o € ¥ in a sequence
W. Without loss of generality, we assume that two input sequences X and Y
have all k& symbols in X, and thus oce(X,0;) > 1 and oce(Y,0;) > 1 for every
symbol ;. Let Cy.. be an occurrence constraint, i.e., a function Cye. : ¥ — N
assigning an upper bound on the number of occurrences of each symbol in
Y. The REPETITION-BOUNDED LONGEST COMMON SUBSEQUENCE problem
(RBLCS) can be formally defined as follows [2]:

REPETITION-BOUNDED LONGEST COMMON SUBSEQUENCE prob-
lem (RBLCS)

Input: A pair of sequences X and Y over the alphabet 3, and an
occurrence constraint Co...

Goal: Find a longest common subsequence Z of X and Y such that
occ(Z,0) < Coee(0) is satisfied for every o € X.

We call Z a repetition-bounded longest common subsequence. Let
LCS(X,Y,Cye.) denote the repetition-bounded longest common subsequence
for the input triple (X,Y,Coee). Also, L(X,Y,Cye.) denotes the length of
LCS(X,Y,Cocc).

Example 1. Let (X,Y,Cye) be an instance of RBLCS defined by:

X:<t7g’t7c’a?c7g7t7g,a7a”g>7 Y:<a7t’g7c’a7t7g,g’a,c7a”g7c>; and
C(occ(a) =1, Cocc(c) =1, Oocc(g) =2, Oocc(t) =1

Z ={g,c,t,g,a) of length five is an optimal solution of RBLCS since occ(Z,a) =
1, oce(Z,c) =1, oce(Z, g) = 2, oce(Z,t) =1, and Ege{a,c,g,t} Coce(0) =5, i.e.,
L(X,Y,Coec) = 5. As a side note, (t,g,c,a,t,g,a,a,g) of length nine is an
optimal solution of the original LCS.

Consider an input triple (X,Y,C,e.) of RBLCS and a feasible solution
Zg for (X,Y,Coe). Then, for every o € 3, the number of occurrences
occ(ZRr,0) of o must be bounded from above by Coee(c). If Coee(c’) >
min{oce(X, 0"),0cc(Y,0’)} for some ¢, then the constraint Cye. is somewhere
redundant. Therefore, if the input (X,Y, Coe.) of RBLCS satisfies Copee(o) <
min{oce(X,0),0cc(Y,0)} for every o € X, then we call (X,Y, Coe) the stan-
dard input. Without loss of generality, we assume that every input of RBLCS
is standard in the following.
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2.3. Multiset restricted common subsequence

The formal definition of the MULTISET RESTRICTED COMMON SUBSE-
QUENCE problem (MRCS) is as follows [13]:

MULTISET RESTRICTED COMMON SUBSEQUENCE problem (MRCS)

Input: A pair of sequences X and Y, and a multiset M over the
alphabet X.

Goal: Find a common subsequence Z of X and Y such that Z
contains the maximum number of symbols from M.

That is, the goal of MRCS is to maximize |M N Z| as a multiset intersection or,
equivalently, to minimize | M\ Z| as a multiset difference (if Z is regarded as the
corresponding multiset). The optimal solution Z is denoted by LCS(X,Y, M)
in the following. The length of LCS(X,Y, M) is denoted by L(X,Y, M).

Example 2. Consider the following input triple (X,Y, M) of MRCS:

X = <t,g,t,C,a,C,g,t,g,a,a,g>, Y = <a’7t7gaC7a7tagvgaavcaaagac>7 and
M = {a7c7g7g7t}'

One sees that a common subsequence (g,c,t,g,a) of X and Y is an optimal
solution of MRCS since |M| =5 and solutions of length five with all the symbols
in M are equally as good as longer solutions. For example, the objective function
value of a longer common subsequence Z = (g,c,t,g,a,a,g) is also five since

IMNZ|=5.

2.4. Filled longest common subsequence

Let Mx (My, resp.) be a multiset of symbols in ¥. Then, we denote
the cardinality of the multiset Mx (My, resp.) by |[Mx| (|[My], resp.), i.e.,
Yvenmy 0cc(Mx,0) (3 e, 0cc(My, ), resp.). A filling X (Y, resp.) of
the sequence X (Y, resp.) is defined as a sequence obtained from X (Y, resp.)
by inserting a subset of the symbols from Mx (My, resp.) into X (Y, resp.).
That is, for some 0 < p < |[Mx| and M% = {x1,...,Xxp} € Mx, the filling
X obtained by inserting M’y into X is the following concatenation of 2p + 1
subsequences (some might be a null sequence):

Xt =X1.5 8 X)) D Xji41.50 @ (Xia) B+ B (X)) B Xjpt1oms

where X = X1 j, ® Xj,41.5, @ ® Xj, 11.n and {i1,... 35} = {1,...,p}. For
some 0 < ¢ < [My| and M} = {1,...,9,} C My, the filling Y obtained by
inserting M}, into Y is similarly defined. Let X* and Y™* be fillings such that
the length of LCOS(X*,Y*) is the longest among the length of LCS(XT,Y ™)
over all pairs of X+ and Y. The Two-SIDE-FILLED LONGEST COMMON
SUBSEQUENCE problem (2FLCS) is defined as follows [7]:

Two-SIDE-FILLED LONGEST COMMON SUBSEQUENCE problem
(2FLCS)

Input: A pair of sequences X and Y, and a pair of multisets M x
and My over the alphabet .
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Goal: Find two fillings X* and Y™* such that the length
of LCS(X*,Y*) is the longest among the lengths of
LCS(XT,Y™) over all pairs of X and Y.

In the following, the longest common subsequence LCS(X™*,Y™*) of two
fillings X* and Y™* is written as LCS(X,Y,Mx,My). The length of
LCS(X,Y, Mx, My) is denoted by L(X,Y, Mx,My). As a special case, if
Mx = 0, then the problem is called the ONE-SIDE-FILLED LONGEST COM-
MON SUBSEQUENCE problem (1FLCS) [7]:

ONE-SIDE-FILLED LONGEST COMMON SUBSEQUENCE problem
(1IFLCS)

Input: A pair of sequences X and Y, and a multiset My over the
alphabet X.

Goal: Find a filling Y* such that the length of LC'S(X,Y™) is the
longest among the length of LCS(X,Y ™) over all fillings Y.

Let LCS(X,Y, My) and L(X,Y, My) be the longest common subsequence
LCS(X,Y™) and its length, respectively.

Example 3. Now we consider the following two sequences X and Y, and two
multisets Mx and My, as input to 2FLCS:

X:<g?ﬁ)c7a’767t7g7a’>) Y:<g7a’t?c7c7g7t7g>?
Mx ={g,t}, and My = {c,t,t}

Here, for example, occ(X,c) = 2 and occ(My,c) = 1. One sees that for the
input quadruple (X, Y, Mx, My), an optimal pair of fillings is as follows:

X*:<t7g7tﬁc7a7cﬁg’t7g’a> and Y*:<£’g7£7g7a”t7c7c7g’t)g>'

That is, the leftmost t and the seventh g in X* are inserted into the original
X from Mx. For Y*, the first, third, and fourth symbols (t, t, and c, respec-
tively) are inserted into Y from My . Then, the longest common subsequence
LCS(X*,Y™*) of those fillings X* and Y* is (t,g,t,c,a,c,g,t,g). Note that
Ix+ =(1,2,3,4,5,6,7,8,9) and Iy~ = (1,2,3,4,5,7,9,10,11). One can verify
that, for example, the first symbol t in LCS(X*,Y™*) originally comes from Mx
and My, but the second symbol g comes from X and Y .

Now let X = (x1,22,...,2,) and YT = (y1,y2,...,ym) be two fillings of
X and Y, respectively. Let (Ix+,Iy+) be an index-expression of a common
subsequence of two fillings X* and Y*. Then, the ¢th match (z;,,y;,) is one of
the following four types of matches:

o Mx My-match: z;, and y;, are inserted from M x and My, respectively.

o MxY-match: z;, is inserted from M x but y;, is originally in Y.

X My-match: z;, is originally in X but y;, is inserted from My .

o XY-match: z;, and y;, are originally in X and Y, respectively.
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Let X* and Y* denote optimal fillings for the quadruple (X,Y, M x, My) of
2FLCS. If there exists at least one symbol, say, o, in My that does not appear
in an optimal filling Y*, then the length of LC'S(X™*,Y* @ (o)) is equal to one of
LCS(X*,Y™*), which implies that Y* @ (o) is another optimal filling. Similarly,
if o € Mx does not appear in X*, then X* @ (¢’) is another optimal filling.
Therefore, without loss of generality, we assume that all the symbols in M x
and My are inserted to the optimal fillings.

2.5. Known results on exact/approximation algorithms

Here, we summarize the previously known results on exact and approxima-
tion algorithms. For RBLCS, the following exact exponential-time algorithm is
known:

Proposition 1 ([2]). There is an O(1.44225™)-time algorithm for RBLCS on
two sequences X and Y, where | X| = n, [Y| = m, and n < m, assuming that

m = poly(n).

If Coee(o) = 1 for every symbol o € X, then a faster exact algorithm can be
designed:

Proposition 2 ([2]). There is an O(1.41422™)-time algorithm for RFLCS on
two sequences X and Y, where | X| = n, [Y| = m, and n < m, assuming that

m = poly(n).
Furthermore, the following approximation algorithm is known for RFLCS:

Proposition 3 ([1]). There is a  polynomial-time  0CCmaz-
approxzimation algorithm for RFLCS on X and Y, where occpmar =
maxyexn{min{oce(X, o), occ(Y,0)}}.

For MRCS, the following exact exponential-time algorithm and the
polynomial-time approximation algorithm are proposed in [13]:

Proposition 4 ([13]). There is an O(nm(t+1)F)-time algorithm for MRCS on
two sequences X and Y, and a multiset M, where t and k are the mazimum
multiplicity of M and the alphabet size |X|, respectively 2.

Proposition 5 ([13]). There is a polynomial-time 2+/min{n, m}-approzimation
algorithm for MRCS on two sequences X and Y, and a multiset M, where
| X|=n and |Y]| =m.

For 1FLCS, an FPT-algorithm parameterized by the number k of X My -
matches in the optimal subsequence is known [7]. Note that & may be as large
as the length of X, i.e., n.

Proposition 6 ([7]). There is an O(2°®) poly(n +m + | My |))-time algorithm
for 1IFLCS on an input triple (X,Y, My) if the number of X My -matches in
LCS(X,Y*) is k.

2We remark that the time complexity shown in Theorem 3 of [13] is O(nmtF), but the
correct one must be O(nm(t + 1)¥) because the algorithm has to store t 4 1 values from 0
through t for the maximum multiplicity. As described before, if M = X, i.e., t = 1, then
MRCS is essentially equivalent to RFLCS and thus MRCS is NP-hard. If we could solve MRCS
with ¢t = 1 in O(nmt*) = O(nm) time, then that would imply P = NP.
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The following algorithm for 1FLCS runs in polynomial time if |¥| is a con-
stant [7]:

Proposition 7 ([7]). There is an O(n!>*2m)-time algorithm for 1FLCS on
(X, Y, My).

The following approximability result is also known for 1FLCS:

Proposition 8 ([7]). There is a polynomial-time 3-approzimation algorithm

3
for 1IFLCS.

3. Polynomial-time equivalence of RBLCS and MRCS

In this section we show the polynomial-time equivalence between RBLCS
and MRCS. First consider any optimal solution Za4 for an input (X,Y, M) of
MRCS. Recall that the objective function value of MRCS is M N Z4|. That is,
M N Zp| can be regarded as the summation of occurrences of all the symbols
appearing both in M and in the solution Zx . Furthermore, intuitively, the
number occ(M, o) of occurrences of every symbol o € M can be regarded as
the occurrence constraint Cy..(co) of the solution for RBLCS, and vice versa.
One sees that we can transform from/to a multiset M of symbols in ¥ to/from
an occurrence constraint Ce. of symbols in ¥ such that Coe.(0) = oce(M, o)
for every o € X clearly in polynomial time; all we have to do is count the mul-
tiplicity /occurrences of every symbol in M. Then, we can obtain the following
theorem:

Theorem 1. Consider a pair of a multiset M in an input for MRCS and an
occurrence constraint Coee of symbols in % in an input for RBLCS such that
Coce(0) = 0ce(M, o) for every o € X. Then, the followings hold: (1) Given
an optimal solution Zg for an input (X,Y,Coee) of RBLCS, we can obtain an
optimal solution for an input (X,Y, M) of MRCS in polynomial time. (2) Given
an optimal solution Zp, for an input (X,Y, M) of MRCS, we can obtain an
optimal solution for an input (X,Y, Cocc) of RBLCS in polynomial time.

Proof. In the following, we show that (1) if an optimal solution Zg for RBLCS
on (X,Y,Coe) is given, then Zg itself is an optimal solution for MRCS on
(X,Y, M), and (2) if an optimal solution Z,, for MRCS on (X, Y, M) is given,
then the subsequence consisting of symbols in M N Z ¢ is an optimal solution
for RBLCS on (X,Y, C,..). Here we make the following observations:

(i) Suppose that we are now given an optimal solution Zpr for RBLCS on
(X,Y, Coee). Note that Zg is a feasible solution for MRCS since any com-
mon subsequence of X and Y is feasible for MRCS on the triple (X, Y, M).
Then, considering a multiset intersection M N Zg, we get |IM N Zg| =
> ey min{occ(Zr,0),0cc(M,0)} = > s 0cc(Zr,0) = |Zg| since Zg
satisfies the occurrence constraint Cl,..(c) for every o.

(ii) Suppose that we are now given an optimal solution Za4 for MRCS on
the triple (X,Y; M). Then, we can obtain another (probably shorter)
optimal solution Z)y, for the same input that satisfies Z\, = M N Zx in
polynomial time by removing arbitrarily every symbol in Zx( \ M. Note
that for every o € X, occ(Z\4,0) < occ(M,0) = Coee(0). That is, Z)y, is
a feasible solution for RBLCS on (X, Y, Coee).
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From the above observations, |Zr| = M N Zg| < M N Zp| = |Z),| holds
since Zp4 is optimal for MRCS, and |Zg| > M N Zy| = |Z),| holds since
Zg is optimal for RBLCS. Namely, |Zr| = |Z/,,| holds. Therefore, (1) given an
optimal solution Zg for an input (X,Y, Cye) of RBLCS, we can regard Zgr as an
optimal solution for an input (X, Y, M) of MRCS; (2) given an optimal solution
Zm for an input (X,Y, M) of MRCS, we can obtain M N Z as an optimal
solution for an input (X,Y, Cye.) of RBLCS in polynomial time. O

4. Polynomial-time equivalence of RBLCS, 1FLCS, and 2FLCS

4.1. Proof tools

In this subsection we give some proof tools. Now, we introduce two par-
tially cyclic permutations, for example, one of which transforms a sequence
(1,2,3,4,5,6) to (1,3,4,5,2,6). More precisely, we define the following two
permutations §; ;4 and d; ;— , and two sequences X @)=+ and X®=G)— for
a sequence X = (r1,%a,...,2,) as follows:

Definition 1. (1) The (cyclic) index permutation d; ;4 is defined as follows:
Y4 1<i<i—1orj+1<4<n
(1) if i < j, then &; j4+(£) = ¢ j =1
£—1 i+1<0<3; and
4 1</t<jori+1</{4<n
(i1) if i > g, then 6; j+({) =< j+1 £=i
(41 j+1<0<i—-1.
(2) Let XO=U)+ denote a sequence obtained by removing the ith symbol x;

from X and then inserting it Tight after the jth symbol of X for i # j, i.e., for
the inverse 5i_,a‘1+ of 6; i+,

XOZIE = (50 (1)@t @0 T ()

One sees that (1,2,3,4,5,6) is permuted to (1,3,4,5,2,6) by d2.5+.
Definition 2. (1) The (cyclic) index permutation d; ;_ is defined as follows:
/ 1</<i—1lorj<{t<n
(7,) Zfl<j, then 52)3_(6): j—1 =1
-1 1+1<¢<j—1; and
Y4 1<i<j—1lori+1</l<n
(i) if i > j, then 6; j—(£) = S j =1
(+1 j<e<i-1.
(2) Let X@O=0U)= denote a sequence obtained by removing the ith symbol x;

from X and then inserting it right before the jth symbol of X for i # j, i.e., for
the inverse 5;;_ of 0; j—,

X<Z>*><J>7 = <$5;;7(1)7x5;;7(2)’ .. 7$6:]17(n)>

The first tool reduces the numbers of XY -matches and M x My -matches in
an output subsequence.
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Lemma 1. Suppose that (X,Y,Mx, My) is an input for 2FLCS, and X*
and Y* are optimal fillings of (X,Y, Mx, My). Also, suppose that the num-
bers of XY -matches, Mx My -matches, X My -matches, and MxY -matches
of some o in the indez-expression (Ix«,Iy~) of X* and Y* are a > 0, § > 0,
¢ >0, and n > 0, respectively. Then, we can obtain in polynomial time an-
other pair of optimal fillings X** and Y** such that (i) the numbers of XY -
matches, Mx My -matches, X My -matches, and MxY -matches of o in the
index-expression (Ixx, Iy=) of X* and Y** area—1, —1,(+1, and n+1,
respectively, and (ii) all the matches of any different symbol ¢’ # o do not
change.

Proof. Let X* = (x1,...,2,), Y* = (y1,...,ym), Ix = {(i1,..., i), and
Iy« = (j1,...,jr) assuming that L(X*,Y*) = k. Now assume that the num-
bers of XY -matches, M x My-matches, X My -matches, and M xY-matches of
the symbol o in the index-expression (Ix«, Iy+) are «, 3, ¢, and 7, respectively,
where 1 < a, # < k. Suppose that the pth match (z;,,y;,) is an Mx My-match
of o and the gth match (z;,,y;,) is an XY-match of o.

Now recall that any symbol in the multiset M x (My, resp.) can be inserted
into any position in X (Y, resp.). Thus, X* P70+ (y=®) =0~ regp ) must
be a valid filling of X and Mx (Y and My, resp.) since the symbol of the pth
match comes originally from Mx or My.

Consider the following two sequences of indices for the case where p # ¢+ 1

and p # q— 1:

I= <5p,q+(i1)v s 75p7q+(iq)a 5p,q+(ip)v 5p,q+(iq+1)a ) 5p,q+(ik)>§ and
I' = <5p,q7<.7'1)7 R 6p,q7<jq71)a 5p7qf (jp)a 6p>q7<.7'q>v s »5p,q7(jk)>-

If p=gq+1, then we set I = I\ (pq+(ip)) since 0p q+(ip) is identical to
Opg+(igs1); if p = ¢ — 1, then we set I' = I" \ (64— (jp)) since dpq—(jp) is
identical to d,,4—(j4—1). One can verify that (i) if p < ¢, then the (¢—1)st match
(0p,q+(ig) in I and d, 4—(jp) in I’) is an X My-match of o and the gth match
(0p,q+(ip) in I and 0y, 4—(jg) in I') is an MxY-match of o, and (ii) if p > g,
then the gth match (8, 4 (iq) in I and 0, 4—(jp) in I’) is an X My-match of o,
and the (¢ + 1)st match (0, 4+ (ip) in I and 0, 4—(j,) in I’) is an M xY-match
of 0. Furthermore, (I, I’) is the index-expression of a common subsequence of
X+ P00+ apgd y* P70~ Hence, the numbers of XY-matches and M y My~
matches decrease by one; on the other hand, the numbers of X My-matches
and M xY-matches increase by one. Since the length of (I,1’) is k, X *® =@+
and Y* P40~ are also optimal fillings. The running time to obtain those two
sequences X* P70+ ang Y+ P =0~ ig clearly in polynomial. O

If we use the above tool iteratively a-times for a < 8 (8-times for g < «,
resp.), then we can obtain so-called an “XY-match-free” (“M x My-match-
free”, resp.) output subsequence.

Lemma 2. Suppose that an input quadruple (X,Y, Mx, My) satisfies
oce(X,0) > 0 and occ(My,o) > 0 for some o0 € . Let X = (x1,...,%p)
and My = (¢1,...,¢). Then,

LX, Y ,Mx,My)= max L(X\ @), Y,Mx, My \ (j)) + 1.

o=z;=1;
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Proof. Suppose that for a symbol ¢ € ¥ and a pair of ¢ and j such that
o=z =Y, X{ = (xfl,...,xf’nJ and Y;" = (yfl,...,yim,> are two op-
timal fillings of (X \ (i), Y, Mx, My \ (j)). Also suppose that LCS(X;",Y;")
is Z1, where |Z1| = k — 1, and (A, B) is the index-expression of Z;, where
A= {ay,...,ar_1) and B = (by,...,bg_1). Since X; is a filling of X \ (i) and
Mx, X\ (i) is a subsequence of X;". Therefore, there exists a strictly increas-

ing sequence C' = {cy,...,¢,—1) such that for each 1 < ¢t < 4, mici = @y,
and for each 7« < t < k — 1, qu_l = z;. Here consider a sequence
X5 = <x1+’1,...,mf’cﬁl,xi,xfci,...,xfn,} One sees that X5 is a filling of
X and Mx.

Assume that a, < ¢; < apy1 holds for some p, where 1 < p < k — 2.
Consider Y, = <yf‘71, . ,yibp, Vj, yibpﬂ, e ,yim,>. Then, Y,' is a filling of Y
and My-. It follows that the pair of I = (a1,...,ap, %, apt1+1,...,a,_1+1) and
J=(1,...,bp,bp +1,bpp1 +1,...,bp—1 + 1) must be the index-expression of
a common subsequence Zs = (Ta,, ..., Ta,,Ti,Ta,, +1s-- > Laj_,+1) Of X; and
Y,". Since the length of I and J is k, the longest length L(X,Y, Mx, My) >
|Z2] = |Z1| + 1 for some symbol o.

Note that the above discussions can be applied to the case where the

symbol ¢ is matched at the head or tail position. For example, if ¢ = 1,
then we consider X; = (xi,xil,...,xici_l,xiw...,xfn,> as a filling of

X and Mx. As another example, if j = k — 1, then we consider Y," =
<yi1, . ,yibp,yib IRTER ,yim,,d)j) as a filling of Y and My . Furthermore,
for every match of every symbol, we can follow the same lines as the above.
Hence, the following inequality holds:

L(X,)Y,Mx, My) > i ngaxip L(X\ (), Y, Mx, My \ (j)) + 1.

Next, suppose that a solution of (X,Y, Mx, My) is a pair of X* and Y™*.
Also suppose that the index-expression of Z = LCS(X*,Y™*) is (Ix«, Iy~) where
Ix* = <i1,...,ik> and Iy* = <j1,...,jk>.

(1) If (Ix~,Iy~) has an X My-match of a symbol o at the gth position,
then we can obtain a common subsequence Z \ {¢) of two fillings X* \ (i,) and
Y*\ (jy) by removing o at the gth position from X* and Y*.

(2) If (Ix~«, Iy~) does not have any X My-match of o, then, from Lemma 1,
either (i) all the matches of o in (Ix«,Iy+) are XY-matches or (ii) all
the matches of o in (Ix«,ly~) are MxMy-matches. (i) Suppose that all
are XY-matches. Then, for j such that ¢ = v;, L(X,Y,Mx , My) =
L(X,Y,Mx, My \ (j)) is satisfied since any other matches are not affected.
Furthermore, if the ith symbol z; of X is ¢ and x; is removed from X, then the
number of matches is reduced by at most one. Hence, L(X,Y, Mx, My) —1 <
L(X\ (@), Y,Mx, My) = L(X \ (i),Y,Mx, My \ (j)) holds. (ii) Suppose
that all are M x My-matches. One sees that if ¢; = o is removed, then the
number of matches is reduced by at most one. Also, even if x; = o is re-
moved, any other matches do not change. Therefore, L(X,Y, Mx, My) —1 <
L(X\ (i), Y, Mx, My \ (j)) holds.

Therefore, by applying a similar discussion to all matches in (Ix+,Iy+), we
have

L(X,Y,Mx,My) < max L(X\ (i),Y,Mx, My \ (j)) + 1.

Uzﬁizd)j
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In summary,

L(X7Y,MX,MY) = 1max L(X\<Z’>,Y,MX7MY \ <]>) +1

o=x;=1;
holds. O

We can apply very similar arguments to the pair Y and M x, which gives:

Corollary 1. Suppose that an input quadruple (X,Y, Mx, My) satisfies
oce(Y,0) > 0 and occ(Mx,0) > 0 for some o € . Let Y = (y1,...,Ym)
and Mx = {(x1,.-.,xe). Then,

L(X,Y,Mx, My) = max L(XY\ (i), Mx \ (), My) + 1.

o=Yi=X;
The following lemma and corollary deal with symbol additions to multisets:

Lemma 3. Let X be a filling of X and Mx, and let YT be a filling of
Y and My . Suppose that a common subsequence Z of X+ and YT satisfies
occ(Z,0) < occ(Y+,a) for some symbol o € 3. Then, we can find in polynomial
time a new filling X+ of X and Mx U{c} and a common subsequence Z' of
Xt and YT satisfying the following conditions: (1) occ(Z,0)+1 = oce(Z', o),
and (2) for every o’ except for o occ(Z,c") = oce(Z',0").

Proof. Suppose that XT = (x1,...,2,) and Y = (y1,...,9m). Also, sup-
pose that (A, B) is the index-expression of Z = LCS(XT,Y™") where A =
{ai,...,a;) and B = (b1,...,bg). Since occ(Z,0) < occ(Y1, ), there exists
an index ¢ such that y; = o and ¢ ¢ B. For ease of exposition, assume that
b, < i < bpy1 holds for some 1 < p < k—1 (even if y,, = 0 or yp, = 0, we
can have the same discussion as the following). Then we consider X+ =
(T1,. 0, %y, Oy Tayt1y -y ), 1 = (a1,...,ap,ap + Lapiy + 1,...,ax + 1)
and J = (b1,...,bp,%,bpy1,...,bg). Then, we can obtain a common subse-
quence Z' = (Yy, s - Yb, > YirYopirs- - -5 Yb) Of XTT and Y'* that has the index-
expression (I,J). One sees that Z' \ (p + 1) = Z and y; = o. Therefore, Z’
satisfies occ(Z,0) + 1 = oce(Z',0) and occ(Z,0') = oce(Z',0') for every o’ # o.
Clearly, we can construct X*+ as follows: (i) Scan Yt to find the index i,
(ii) scan B to find the index p, and (iii) insert the corresponding symbol into
X*. The running times is O(JX*| + [Y"]). This completes the proof. O

From the symmetry of X and Y, we obtain:

Corollary 2. Let XVt be a filling of X and Mx, and let YT be a filling of
Y and My . Suppose that a common subsequence Z of X+ and YT satisfies
oce(Z,0) < occ(X T, 0) for some symbol o € 2. Then, we can find in polynomial
time a new filling YT of Y and My U{c} and a common subsequence Z' of
Y+ and Xt satisfying the following conditions: (1) oce(Z,0)+1 = occ(Z',0),
and (2) for every o’ except for o, occ(Z,0") = oce(Z',c").

4.2. RBLCS and 1FLCS

In this subsection we show that 1FLCS is polynomially equivalent to RBLCS.
Consider an input triple (X, Y, My-) of 1FLCS. In [14], Mincu and Popa observed
that a filling-procedure of a symbol 0 € My into Y to match some o in X can
be seen as a deleting-procedure of the matched o from X [14]. Our basic ideas
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are based on their observation: Every symbol o € My can be matched to o at
any position in X without restrictions. After all o’s in My are matched, the
number of remaining unmatched o’s in X is occ(X, o) — occ(My, o), which can
be seen as the occurrence constraint Cyeo(o) of the input (X, Y, Cy..) for RBLCS.
In the following, we show that (i) from the input (X,Y, My ) for 1FLCS, we can
construct the input (X,Y, Coee) for RBLCS such that Coec(0) = oce(X,0) —
occ(My, o) for every ¢ € ¥ in polynomial time, and vice versa; (ii) from an
optimal solution of the former problem, we can construct an optimal solution
of the latter problem in polynomial time, and vice versa.

Consider an input triple (X,Y; My) of 1FLCS and a feasible solution Z;p.
Then, for every symbol o, occ(Z1p,0) < oce(X,0) holds. If occ(X,0) <
occ(My, o), then occ(My,o) — oce(X,0) o’s in My are clearly redundant.
If the input (X,Y, My) of 1FLCS satisfies occ(X,0) > oce(My, o) for every
o € 3, then we call (X,Y, My) the standard input. Without loss of generality,
we assume that every input of 1FLCS is standard.

Lemma 4. Suppose that a triple (X,Y, My) is a standard input for IFLCS, Y*
is an optimal filling, and Z is the longest common subsequence of X and Y*.
Then, for every o in %, occ(Z,0) > occ(My, o) is satisfied.

Proof. Let X = (z1,...,x,), Y* = (yf,...,y5), and Z = (z1,...,20) =
(Tiyy -y wig) = (Yj,,---,yj,). Since the input is standard, for every o,
occ(My, o) < oce(X, o) holds.

Now suppose for the purpose of obtaining a contradiction that there exists
at least one symbol, say, o', occ(Z,0’) < oce(My,c") < oce(X,0’) holds. Since
oce(Z,0") < oce(X, 0’) holds, we can find an index ¢ such that the gth symbol z,
in X is o’ but gisnot in I'x = (i1,42,...,%). First, we assume that i, < ¢ < ip41
holds for some p where 1 < p < £ — 1. Then, we construct a new sequence
Z' = (2, m,) ©(0") © (@i, ..., x4,) of length £ 4 1. If ¢ <4y (i < g,
resp.), then we insert ¢’ to the head position, i.e., Z' = (¢/) ® (xs,,...,24,)
(to the tail position, ie., Z/ = (z;,...,z;,) ® (0’), resp.). Moreover, since
oce(Z,0") < occ(My,0'), we can find an index ¢’ such that the ¢'th symbol y,
inserted into Y* is ¢/ but ¢’ is not in Iy« = {j1,j2,...,je). Then we construct a
new filling Y** as follows: (1) First remove the ¢'th symbol y, (= ¢’) from Y*,
and then (2) insert y, right after y;, of Y*. Note that the (p + 1)st symbol in
the new sequence Z’ is ¢’. It follows that LCS(X,Y**) = Z’' and thus we can
obtain the sequence of length ¢ + 1 from (X,Y, My), which is a contradiction.
Therefore, for all o in 3, oce(Z, o) > oce(My, o) holds. O

Consider an input triple (X, Y, My) of 1FLCS and its optimal solution Z; p.
Suppose that there is a symbol o such that occ(X, o) > oce(Y, o) + oce(My, o).
Let ¢ = oce(X,0) — (oce(Y, o) + occ(My,0)) > 0. Then, at least £ ¢’s in X do
not appear in Zip. Let S, be a multiset of ¢ ¢’s. Now, suppose that for a new
triple (X, Y, My US, ), we can obtain an optimal solution Z. Then, the length of
Z must be equal to | Z1r|+£. Moreover, by removing £ ¢’s in S, from Z, we can
easily find the original optimal solution Z;p for (X,Y, My ). For every symbol
o' in 3 satisfying occ(X, 0’) > oce(Y, 0') + occ(My, 0'), the similar discussion
as the above can be applied. Let § = Ua,:occ(xﬂ,)>OCC(Y70/)+OCC(MY70,) Syr. If
we are given the triple (X,Y, My US), then by finding its optimal solution Z’
first, and then removing all the symbols in S from Z’, we obtain Z;r. We call
the triple (X,Y, My US) obtained by merging S with My an extended triple.
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If the extended triple (X,Y, My) of 1FLCS satisfies occ(X,0) > occ(My,0)
for every o € ¥ then it is called ex-standard. If occ(X, o) < occ(My, o) holds
for a symbol o € X, (occ(My,0) — oce(X,0)) o’s in X can easily be matched
as observed in Lemma 2. Therefore, to simplify the discussion, we assume that
every input triple (X,Y, My ) of 1FLCS is always ex-standard.

The following lemma, is quite trivial but plays an important role:

Lemma 5. (1) Suppose that an input triple (X,Y, My) for 1FLCS is ex-
standard. Then, we can construct a standard input triple (X,Y, Cye.) for RBLCS
satisfying Coee(0) = 0ce(X, o) —oce(My, o) for every o € X in polynomial time.
(2) Suppose that an input triple (X,Y,Coec) for RBLCS is standard. Then,
we can construct an ex-standard input triple (X,Y, My") for 1IFLCS satisfying
occ(My,0) = oce(X,0) — Coec(0) for every o € T in polynomial time.

Proof. (1) Since the (ex-standard) triple (X,Y, My ) is standard, occ(X,0) —
occ(My,o) > 0 for every o. Therefore, we can always obtain the valid oc-
currence constraint such that Coee(0) = oce(X, o) — occ(My, o) for every o.
Furthermore, since the triple (X,Y, My) is extended, Coec(0) = occ(X,0) —
occ(My, o) < oce(Y,o0). It follows that Coec(0) < min{oce(X,0),o0ce(Y,0)}.
Hence, the triple (X, Y, Cye.) must be standard for RBLCS.

(2) Since the triple (X,Y,Coe) is standard, Coec(o) <
min{oce(X,0),0cc(Y,0)}. Therefore, we can always obtain the valid multiset
My such that occ(My, o) = occ(X,0) — Coec(0) > 0 for every o.

Both of the above constructions can be executed in polynomial time by
scanning X, Y, and M. O

Lemma 6. Consider an ex-standard input (X,Y, My) for 1IFLCS and a stan-
dard input (X,Y, Coec) for RBLCS such that Coec(0) = oce(X, o) — oce(My, o)
holds for every o € ¥. Let Zrp = LCS(X,Y, My) and Y* be an optimal filling
for IFLCS. Also, let Zp = LCS(X,Y, Coee) be an optimal solution for RBLCS.
Then, |Zg| + |[My| = |ZF| holds.

Proof. First, from Lemma 5, we always find a pair of triples (X,Y, My) and
(X,Y, Coec) such that the former and the latter are the ex-standard input for
1FLCS and the standard input for RBLCS satisfying Cyec(0) = oce(X,0) —
occ(My, o) for every o € X, respectively.

(1) We first show that |Zp| < |Zg|+ |[My| holds. Let X = (z1,...,z,),
Y = (y1,---,Ym), and My = (¢1,...,%), where My is the sequence-
expression of My. By the assumption that (X,Y, My) is ex-standard, there
exists a sequence (i1,i2,...,3¢) of indices of X satisfying L(X,Y, My) =
L(X\ {(i1,...,i¢),Y,0) + £, by regarding L(X,Y,0, My) as L(X,Y, My), and
by using the formula in Lemma 2 recursively. Since My = 0, L(X \
(11,...,10), Y, D) is clearly equal to the length of the longest common subse-
quence Z’ of X \ (i1,...,1¢) and Y. Therefore, |Zp| = |Z'| + |My|. Note that
Z' is a common subsequence of the original X and Y and satisfies the following
for every o:

occ(X,0) — occ(My,a) = occ(X \ (i1, ...,ie),0) > occ(Z', o).

That is, every symbol in Z’ satisfies the occurrence constraint Cpee = occ(X, 0)—
occ(My, o) of RBLCS, which implies that |Z'| < |Zg|. As a result, |Zp| =
|Z/| + ‘My| < ‘ZR| + |My | holds.
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(2) Next, we show that |Zgr| + |[My| < |Zp|. Recall that for every o,
0cc(Zg,0) < Coee(0) = oce(X,0) — occ(My,0) is satisfied. Here, from the
viewpoint of 1FLCS, we can obtain a longer sequence than Zg by filling symbols
of My into Y. Suppose that Zr is a common subsequence for RBLCS on
(X,Y,Coec) and (X,Y,0) is an input triple for 1FLCS. From Corollary 2, by
setting a multiset M’y = {o} and filling o into Y as matched with some o in X,
we can obtain a common subsequence Z; such that |Z1| = |Zgr|+1, oce(Z1,0) =
oce(Zr,0) + 1, and oce(Z1,0") = occ(Zg,o’) for every o’ except for o. By
repeating the merge M’y U {c} and the filling of o occ(My, o)-times for every
o € X, we can eventually obtain My, the filling of ¥ and My, and a common
subsequence Z satisfying |Z| = |Zg| +)_, 5 0cc(My,0) = |Zgr| + | My|. Since
Z is the longest, |Z| < |Zp|. Hence, |Zgr| + |[My| = |Z| < |ZF| holds.

From (1) and (2), |Zgr| 4+ |[My| = |ZF|. This completes the proof. O

Theorem 2. Consider an ez-standard input (X,Y, My) for IFLCS and a stan-
dard input (X,Y, Coee) for RBLCS such that Coee(o) = oce(X, ) — oce(My , o)
holds for every o € ¥. Let Zr = LCS(X,Y, My) and Y* be an optimal filling
for IFLCS. Also, let Zp = LCS(X,Y, Coee) be an optimal solution for RBLCS.
Then, the followings hold: (1) Given an optimal solution Zgr for RBLCS, we
can obtain an optimal solution for 1FLCS in polynomial time. (2) Given an
optimal filling Y* for 1FLCS, we can obtain an optimal solution for RBLCS in
polynomial time.

Proof. Consider two sequences X and Y, a multiset My, and an occurrence
constraint Cpee such that Coyee(0) = oce(X,0) — oce(My, o) holds for every
oEeX.

(1) Suppose that the optimal solution Zg for RBLCS is now given. From
Lemma 6, every optimal solution for 1FLCS is of length |Zgr| + |My|. Hence, it
is enough to prove that we can obtain an optimal filling Y* of Y and My from
Zr and a common subsequence Zp of X and Y* such that |Zg|+ |My| = |ZF]
in polynomial time. As seen in the proof of Lemma 6, by repeating the merge
M'y = M’y U {o} and the filling of o occ(My,o)-times for every o € X,
we eventually obtain Y* and Zp satisfying |Zp| = |Zgr| + >,y 0cc(My,0) =
|ZRr| + |[My|. The total number of iterations is [My|. Since each iteration of
the procedure in part (2) of the proof of Lemma 6 can be done in polynomial
time, Y* and Zg of 1FLCS can be obtained in polynomial time.

(2) Suppose that the optimal filling Y* is now given. The longest common
subsequence Zp of X and Y™*, and its index-expression (Ix, Iy+) can be obtained
in polynomial time. From Lemma 4, occ(Zp,0) > occ(My, o) holds for every
o € ¥. Therefore, we can find |Zp| — |[My| XY -matches in (Ix,Iy-). Letting
z¢ be the symbol of the fth XY-match (1 < ¢ < |Zp|—|My]), we construct the
sequence Zp = (21,%2,...,2|2|—|My]|) Of length |Zp| — [My|. Note that Z,
must be a common subsequence of X and Y. Moreover, Z. satisfies the occur-
rence constraint Coec(0) = occ(X, 0) — occ(My,0) > oce(Zp, o) — occ(My, o)
for every o € ¥. Since |Z;| = |Zr|—|My|, Z is an optimal solution for RBLCS
from Lemma 6. The construction of Z can be easily executed by scanning the
index-expression (Ix, Iy~) and thus it can be done in polynomial time. O

4.8. RBLCS and 2FLCS
In this subsection we consider the polynomial-time equivalence between
2FLCS and RBLCS. Since 1FLCS on (X,Y, My) is equivalent to 2FLCS on
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(X,Y,0, My), 1FLCS can be solved by using any algorithm for 2FLCS. From
the polynomial-time equivalence between 1FLCS and RBLCS in the previous
subsection, RBLCS can also be solved by the same algorithm with some extra
polynomial-time calculations. Therefore, to establish the equivalence between
RBLCS and 2FLCS, only one direction remains to be proved. To do so, we first
give a pair of two inputs (X, Y, M x, My ) for 2FLCS and (X, Y, C,..) for RBLCS.
Then, we show that given an optimal solution Zg of RBLCS on (X, Y, Cpe.), we
can obtain optimal fillings X* and Y* of 2FLCS on (X,Y, M xMy) in polyno-
mial time.

Lemma 7. Suppose that an input (X,Y,Mx,My) of 2FLCS satisfies
oce(X,0) = p < oce(My,0) = q and min{occ(Mx,0),0cc(Y,0)+q—p)} =
A >0 for some positive integers p and q. Then the following holds:

L(X,Y, Mx, My) < L(X,Y, Mx \ {o"}, My \ {o?7"}) + A

Proof. Suppose that an input quadruple (X,Y, Mx, My) of 2FLCS satisfies
oce(X,0) = p < occ(My,o) = q. If we set X = (x1,...,2,) and My =
(¥1,...,%¢), and apply the formula in Lemma 2 recursively, then there exist
two sequences of (i1,...,ip) and (j1,...,jp) of indices such that o = x;, =,
for every 1 < r < p. Therefore, we obtain

L(XaY;MXaMY) - L(X\<i17--~a7:p>7Y7MX;MY \ <]17a]p>)+p

Suppose that Xt and Yt are optimal fillings of (X \
(i1, .oyip), Yy Mx, My \ (j1,...,7p)). Then, occ(Xt,0) < occ(Mx,o)
since o € X \ (i1,...,ip) and occ(Y+,0) < oce(Y,0) + g — p. Therefore, we
obtain

oce(Z,0) < min {occ(Mx,0),0ce(Y,0) + q — p}

for Z = LCS(X*,Y ™). Now, we set min {occ(Mx,0),0cc(Y,0) +q—p} = A
Then, we have:

LIXN iy eiip), Vi Mx AN {o" |, My \ {o"}) + A >
L(X\ (in, .- ip), Y, Mx, My \ (1, )

As defined above, the sequence (ji,...,jp) of indices satisfies ¢ = ; for
1 < r < p. Suppose also that (jpi1,...,7]q) satisfies ¢; , = o for every p+1 <
r’ < q. Then, we obtain:

L(X,Y,Mx,./\/ly) :L(X\<i17'~'7ip>7YvMX7MY \ <j17"”jp>) +p
<SL(X\ (i1,...,5p), Y, Mx \{o"}, My \ {o"}) + A +p
:L(XayaMX \{U*}7MY \ <jp+1’ s 7jq>) + A

This completes the proof. O

Theorem 3. Suppose that an input quadruple (X,Y, Mx, My) of 2FLCS sat-
isfies occ(X,0) = p < occ(My,0) = q for some positive integers p and q,
and optimal fillings X;" and Y{™ of (X,Y, Mx \ {o*}, My \ {o77P}) are given.
Then, optimal fillings X3~ and Y, of an input quadruple (X,Y, Mx, My) can
be obtained in polynomial time.
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Proof. Suppose that Z; is the longest common subsequence of X" and Y;"
such that the index-expression of Z; is (I,J), where I = (iy,...,i;) and J =
(j1,---,7x). Alsosuppose that Z, is the longest common subsequence of X, and
Y,". From Lemma 7, for A\ = min {occ(Mx,0),occ(Y,0) + q—p}, | Z1] + X >
| Z2| holds.

Now suppose that Xfr = (x1,...,2zy,) and Yfr = (y1,-..,Ym). Also suppose

q—p

that Y;" = Y;" @ (5,...,5). One can see that occ(Y,",0) = occ(Y,0) +q > q.
Therefore, occ(Zy,0) < p < oce(My, ) = q < occ(Y,", o) and Z; is a common
subsequence of X 1+ and Y2+. We can get the target sequence X2+ in polynomial
time by applying Lemma 3 min {occ(Mx, o), occ(Y, o) + g — p}-times. O

It is important to note that (X, Y, Mx \{o*}, My \{c977}) does not satisfy
both oce(X, o) < occ(My, o) and oce(Y, o) < oce(Mx, o). For Y and Mx, we
have:

Corollary 3. Suppose that an input quadruple (X,Y, Mx, My) of 2FLCS sat-
isfies occ(Y,0) = p < oce(Mx,0) = q for some positive integers p and q,
and optimal fillings X;" and Y{" of (X,Y, Mx \ {c7 P}, My \ {0*}) are given.
Then, optimal fillings X3~ and Y, of an input quadruple (X,Y, Mx, My) can
be obtained in polynomial time.

From Theorem 3 and Corollary 3, any input of 2FLCS can be reduced in
polynomial time to the quadruple (X,Y, M x, My ) such that for every o, both
oce(X,0) > oce(My, o) and occ(Y,0) > oce(Mx, o) are satisfied. Therefore,
if the input (X,Y, Mx, My) of 2FLCS satisfies both occ(X, ) > occ(My, o)
and occ(Y,0) > occ(Mx, o) for every o € 3, then we call (X,Y, Mx, My) the
standard input.

Theorem 4. For a standard input quadruple (X,Y, Mx, My) of 2FLCS, con-
sider an occurrence constraint Coee such that for every o € 3, Coee(o) =
min {oce(X, o) — oce(My, 0),0cc(Y,0) — oce(Mx,0)} holds. Then, the triple
(X,Y, Coee) must be standard for RBLCS. If an optimal solution Zr of RBLCS
on (X,Y, Coee) is given, then we can obtain optimal fillings X* and Y* of 2FLCS
on a standard input quadruple (X,Y, Mx, My) in polynomial time.

Proof. Suppose that the input (X,Y, Mx, My ) of 2FLCS is standard, M x| =
p, and |[My| =gq. Let X = (z1,...,z,) and Y = (y1,...,Ym). Then, by apply-
ing the arguments of Lemma 2 and Corollary 1 to all the symbols recursively,
we can obtain the sequences (i1, ...,4,) and (j1,...,jp) of different indices that
satisfy the following:

L(XaKMX7MY) :L(X\<Zlv7Zq>7Y\<jlaa]p>a®;@)+p+q

One can verify that for the input (X \ (i1,...,iq), Y\ (1, .-, Jp), 0, 0) of 2FLCS,
the longest common subsequence of X \ (i1, ...,%,) and Y'\ (j1,...,Jp) is clearly
an optimal solution of the classical LCS. Let Z’ be such a sequence. Here, note
that for every o € X, we can obtain:

oce(X \ (i1,...,14),0) = oce(X, o) — occ(My,0), and
occ(Y'\ (j1,...,Jp),0) = occ(Y,0) — occ(Mx, 0).
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Therefore, we have:
occ(Z',0) < min{oce(X, o) — occ(My,0),0cc(Y,0) — occ(Mx,0)}.

Since Z' is a common subsequence of X and Y, Z’ is a feasible solution of
RBLCS on (X,Y,Cye.). Therefore, |Zg| > |Z’| holds. It follows that |Zg| +
Mx|+ My| > 2| + [Mx| + [My| = L(X,Y, Mx, My).

As for Zp,

occ(Zr,0) < Coee(0)
= min {occ(X, o) — occ(My, ), 0cc(Y,0) — occ(Mx,0)}

holds for every o. Therefore, by applying Lemma 3 occ(M x,o)-times to X for
every symbol o € ¥, we can construct in polynomial time the filling X+ of X and
M, and a common subsequence Z; of Xt and Y such that |Z;| = | Zg|+|Mx]|
and oce(Z1,0) < Coee(o) + | Mx].

Note that for every o, occ(X T, 0) = oce(X, 0)+occ(Mx, o) and occ(Z1,0) <
oce(X,0) — occ(My,0) + occ(Mx, o) hold. Hence, by applying Corollary 2
occ(My, o)-times to Y for every symbol o, we can construct in polynomial time
the filling Y+ of Y and My, and a common subsequence Z5 of X+ and Y+
such that |Zs| = | Z1|+|My| = |Zg|+|Mx|+|My|. Recall that |Zg|+|Mx|+
IMy| > L(X,Y, Mx, My). Therefore, |Z3] > L(X,Y, Mx, My) holds.

As a result, X and YT are optimal fillings of 2FLCS on (X,Y, M x, My)
and those can be obtained in polynomial time if Zy is given. This completes
the proof. O

5. 0(1.41422™)-time exact algorithm for RBLCS

5.1. Overview

Let us first explain the overview of the strategy to design a new DP-based
algorithm. In [2], a dynamic programming (DP) based algorithm for RBLCS
was provided whose running time is O(1.44255™). We improve the running time
from O(1.44255™) to O(1.41422™).

Now, consider the original LCS and its typical DP-based algorithm. Let
L(i,7) denote the length of a longest common subsequence of the ith prefix
X1.; of X and the jth prefix Y7 ; of Y. In the process of execution, each value
of L(i,j) is computed and is stored into a two-dimensional DP-table of size
(n+1) x (m+1). For more details, see, e.g., [§].

For RBLCS, the previous DP-based algorithm proposed in [2] has to store
not only the length of a subsequence, say, Z, but also the occurrence occ(Z, o)
of every ¢ in Z not to break the occurrence constraint Cye.(c). To store the
occurrences, the algorithm introduces an occurrence vector v. Let L(i,7,v)
be the length of a repetition-bounded longest common subsequence of X;_; and
Y1 ; satisfying the occurrence vector v, i.e., the length of the subsequence which
does not break the occurrence constraint. Then, each value of L(i, j, v) is stored
into a three-dimensional DP-table of size (n + 1) x (m +1) x [[, (Cocc(o) + 1),
where Cpec(0) 4+ 1 is the number of candidates 0,1,...,Coec(0) of occurrences
of a symbol 0. In [2], the authors showed that the size of this three-dimensional
DP-table is bounded from above by O(1.44255™).
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Our new DP-based algorithm prepares another three-dimensional DP-table
whose size is smaller than the one in [2]. To this end, using a concise form of
the occurrence vector v, we narrow down the range of values that each com-
ponent of v takes. More specifically, we switch values to store with respect
to symbol o: if Coee(0) < o0ce(X,0)/2, then we store how many o’s can still
be used, or otherwise, we store how many o’s must be deleted hereafter. This
strategy narrows down the range of values to store from 0,1,...,Coec(0) to
0,1,...,min{Cocc(0),0cc(X,0) — Coee(o)}, which reduces the size of DP-table
to (n+ 1) x (m + 1) x [[, (min{Cocc(0),0cc(X,0) — Coce(o)} +1). We will
show that this new DP-table has size O(1.41422"), and hence the next theorem
is obtained (its proof is given in Sec. 5.3).

Theorem 5. There is an O(1.41422™)-time DP-based algorithm to solve RBLCS
for two input sequences X and Y where | X| =n, |Y| = poly(n), and | X| < |Y].

Recall that all reductions in the previous sections preserve X and Y. By our
polynomial-time equivalences, we obtain the following corollary.

Corollary 4. MRCS, 1FLCS, and 2FLCS for two input sequences X andY can
be solved in O(1.41422™) time, where | X| =n, |Y| = poly(n), and | X| < |V

Proof. By Theorem 5, RBLCS can be solved in O(1.41422") time. By the
polynomial-time equivalence between MRCS (1FLCS, or 2FLCS) and RBLCS in
Theorem 1 (2 or 4), MRCS (1FLCS, or 2FLCS) can be solved in O(1.41422™ +
poly(n)) = O(1.41422™) time, since reductions between these problems take
O(poly(n)) time. O

5.2. Previous DP-based algorithm

In this subsection we review the DP-based algorithm proposed in [2]. Note
that if Coee(0) < oce(X,0) for a symbol o, then we do not need to worry
about the occurrences of o in a common subsequence. Thus, let ¥s¢,., =
{oi | occ(X,0;) > Cocc(0i)}, a set of symbols such that each o; occurs at
least Coec(0;) + 1 times in X. Now suppose that |Ysc, .| = ¢ and, without
loss of generality, ¥<¢, .. = {01,09,...,00}. Then, we prepare an occurrence
vector of length ¢, denoted by v = (v1,va,...,vs). The pth component v, of v
represents how many o,’s appear in a (temporal) repetition-bounded common
subsequence for 1 <p < ¢ and v, € {0,1,...,Coc(0p)}. Maintaining v, not to
break the occurrence constraint, the algorithm solves a subproblem of finding
a repetition-bounded longest common subsequence of X; ; and Y7 ;. For the
occurrence vector v = (V1,v2,...,Vp—1, Up, Up41 - - -, Ug), we define a new vector
V|p=q = (V1,V2,...,Vp—1,4,Vp+1,---,0¢). Note that if v, = ¢ in the original
occurrence vector v, then v|,—, = v.

First, the algorithm is based on the optimal substructure of a repetition-
bounded longest common subsequence of X; ; and Y7 [2].

Theorem 6 ([2]). There is a repetition-bounded longest common subsequence
Zi.n = {z1,22,...,2n) of X1.; and Y1, satisfying an occurrence vector v and
the following properties:

(1) If v; = y; = 0p and op &€ Esc,.., then z, = 0, and Z1_ p—1 is a repetition-
bounded longest common subsequence of X1 ;-1 and Y1, j_1 satisfying v.
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(2) If &; = y; = op, 0p € Esq,.., and v, > 0, then z, = o, implies that
Z1..n—1 18 a repetition-bounded longest common subsequence of X1 ;1 and
Y1.j-1 satisfying v|p—y, 1.

(8) If x; = y; = 0p, 0p € Tsq,.., and v, = 0, then z, # o, and Z1.p, i
a repetition-bounded longest common subsequence of X1 ;—1 and Y1, ;-1
satisfying v.

(4) ]f T4 # Yj, then
(a) zn, # x; implies that Zy  is a repetition-bounded longest common
subsequence of X1 ;1 and Y1, ; satisfying v;
(b) zn, # y; implies that Zy_j, is a repetition-bounded longest common
subsequence of Xi.; and Y1, j_1 satisfying v.

Then, the above optimal substructure gives the following recursive formula:

0

ifi=00rj=0
Lii—1,j—1Lv)+1

ifi,j >0, z; =y; = 0p, and 0 & Xsc
L= 1, = 1, 0lpesy 1) +1

oce

L(i,j,v) =
(3,5, ) iti,j >0, z; =y; =0p, 0p € Xsc,.., and v, >0
Li—-1,j-1,v)
lflmj >0, z; =Y; =0p, Op € E>Cocca and Up:O

maX{L(Z - 1,j,U),L(i,j - 171))}
otherwise, i.e., if 7,5 > 0, and x; # y;,

where L(i, j,v) is the length of the repetition-bounded longest common subse-

quence for (X ;, Y1, j,C)..) when the following is satisfied:
v op € Xsc,,.
C(/JCC(JP) = i i -
oce(X,0p) 0p ¢ Esc,,.-

Note that 0, ¢ Ys¢,,. appears at most occ(X, 0,)-times in the solution and
thus the necessary condition of C/_.(o,) is only C’ .(0,) > oce(X, op).

As described in Proposition 1, the algorithm implementing the above recur-
sive formula can solve RBLCS in O(1.44225™) time [2].

5.3. New DP-based algorithm

In this subsection, we propose a new DP-based algorithm. First, we group
symbols in X5 ¢, ., into two types in Sec. 5.3.1, and introduce a new occurrence
vector w in Sec. 5.3.2. Section 5.3.3 describes how to initialize the table used
by the proposed algorithm. Then, we rewrite Theorem 6 with regard to the
new occurrence vector w in Sec 5.3.4. Section 5.3.5 gives recursive formulas on
the table based on Sec. 5.3.4. Finally, we estimate the time complexity of the
proposed algorithm in Sec. 5.3.6.
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5.3.1. Type
We define Type : s ¢
as follows:

— {0, 1} that divides the alphabet into two types

occ

0 Coeclo) <oce(X,0)/2

Tapelo) = {1 Coce(0) > occ(X, 0)/2.

That is, if the occurrence constraint on o is tight/small, then Type(o) = 0.
Otherwise, i.e., if the occurrence constraint on o is loose/large, then Type(o) =
1. Then, if Type(c) = 0 (or 1) for a symbol o, Cocc(0) < 0cc(X,0) — Coce(0)
(or oce(X,0) — Coec(0) < Coec(0)).

5.3.2. Occurrence vector w

For symbols in ¥.c,,., we introduce a new occurrence vector w =
(w1, ...,wy) of length ¢, assuming without loss of generality that Yo =
{01,02,...,0¢}. In case of Type(o,) = 0, w, stores how many o,’s we can
still use in (the later part of) a common subsequence. On the other hand, if
Type(op) = 1, then w), stores how many o,,’s in (the later part of) X must be
deleted. Thus, if type(o,) =0, 0 < wy < Coee(op) (< 0ce(X, 0p) —Coce(op)), and
otherwise (i.e., Type(op) = 1), 0 < w, < 0ce(X, 0p) — Coce(0p)(< Coce(op)). If
there is an index p such that w, of w is not in this range of values, we say that
w is inwvalid. This switch of the values to store based on the type of a symbol
reduces the number of candidates of w as seen below.

The occurrence vector w is initialized for each 1 < p < ¢ as follows:

w. — {Cocc(ap) Type(ap) = (2)

3 oce(X, 0p) = Coce(ap)  Type(
Example 4. Let ¥ = {a,b,c}, Cocc(a) = 2, Coee(b) = 3, and Coec(c) = 4.
Consider two sequences X = ccaabbabccbab and Y = abcabcabcabeabe, where
oce(X,a) =4, occ(X,b) =5, and occ(X,c) = 4. Then, ¥sc,.. = {a,b} (e.g.,
o1 =a and o3 = b), Type(a) = 0, and Type(b) = 1. By these, w is initialized
as w = (2,2), which means that the symbol a in X can be used at most twice
in a solution and the symbol b must be deleted at least twice from X to obtain a
solution. When we consider a temporal solution Z' = abb of X1.¢ = ccaabb and
Y1 5 = abcab, we set w = (1,2), which means that a can be used at most once
and b must be deleted at least twice later. In a repetition-bounded subsequence,
a appears 0, 1, or 2 times, and b appears 0, 1, 2, or 3 times by respectively
deleting 5, 4, 3, or 2 times (c appears 0 through 4 times). Hence, the original
occurrence vector v has 3 X 4 = 12 candidates. A crucial point here is that one
value 2 in the second component (corresponding to b) of w covers all the cases of
deleting 2, 3, 4, and 5 occurrences of b. This reduces the number of candidates
of w to3x3=9 from 12 of v.

5.3.3. Base cases

We prepare a three-dimensional table L. Let LCS(i,j,w) represent a
repetition-bounded longest common subsequence of X; ; and Y;. ; satisfying
the occurrence vector w. Then, L(4, j, w) stores the length of LC'S (i, j, w). We
let L(i,j,w) = —oo for i < 0, 7 <0, or invalid w’s.

To demonstrate how to define the base cases of the recurrences, we return
to Example 4.
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Example 5. As in FEzample 4, let X = ccaabbabccbab and Y =
abcabcabcabeabe.  Only three occurrence vectors (0,2), (1,2), and (2,2) give
repetition-bounded common subsequences; (0,0), (0,1), (1,0), (1,1), (2,0), or
(2,1) does not give any feasible solution, since the number of deletion of b from
X is at most 1 and hence they correspond to a sequence including at least 4
b’s which breaks the condition Cyeo(b) = 3. Also it is obvious that a repetition-
bounded longest common subsequence of X and Y wunder the occurrence vector
(2,2) is longer than that under (0,2) and (1,2). Thus, it is sufficient to start
only with the occurrence vector (2,2).
To conclude the example, we would like the following relations to hold:

L(0,0,(2,2)) =0

L(0,0,(0,0)) = L(0,0,(0,1)) = L(0,0,(0,2)) = —c0
L(0,0,(1,0)) = L(0,0,(1,1)) = L(0,0,(1,2)) = —cc
L(0,0,(2,0)) = L(0,0,(2,1)) = —o0.

Following the idea in Example 5, we now define the base cases of the recur-
rence in general. First, for ¢« = 7 = 0, we let:

0 w satisfies (2).
—oo  w does not satisty (2).

L(0,0,w) = {
Since the occurrence vector w maintains the number of symbols from X, we
then define the following relations for ¢ = 0 and j > 0:

L(0,j,w) =

0 j > 0 and w satisfies (2)
—oo  j >0 and w does not satisfy (2)

Next let us consider the case j = 0 and ¢ > 0. For example, increasing i from
0 to 1 under the condition j = 0 corresponds to deleting z; from X, since a
repetition-bounded longest common subsequence of X7 ; and the empty string
(Y1.0) is also the empty string. If z; ¢ X<, .., then w is not related to ;.
Thus,

occ?

L(i,0,w) = L(i — 1,0, w). (3)

Consider the case that z; = 0, € Xs¢,,.. and Type(o,) = 0. Since w maintains
how many o,’s can be used later, w, will not change and hence

L(i,0,w) = L(i — 1,0, w). (4)

As the last case, suppose that z; = 0, € ¥5¢,,. and Type(o,) = 1. Since one
op in X is deleted, we basically decrease w,, by one. One exception is the case
wp = 0. Although we may have already deleted sufficient number of ¢,,’s so far,
we delete o, further. In such a case, we keep w, = 0. Therefore, if w, > 1, then

L(i,0,w) = L(i — 1,0, w|p=w,+1),
and if w, = 0, then

L(i,0,w) = max{L(i — 1,0, w|p—w,+1), L(i — 1,0, w)}.
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In summary, we define the base cases of the recurrence by:

0
i=0, j >0, and w satisfies (2)
—00
i =0, j >0, and w does not satisfy (2)
L(i - 1707w|p:wp+1>
i>1,j=0, x; =0, € Esc,.., Type(op) =1, and w, > 1
max{L(i — 1,0, w|p=w,+1), L(i — 1,0,w)}
1>1, j=0, z; =0p € Xs¢
L(i—1,0,w)
1>1,j=0, and z; € X5

L(i, j,w) =

Type(op) =1, and w, =0

oce?

oce

(5)

5.3.4. Optimal substructure

We rewrite the optimal substructure of a repetition-bounded longest com-
mon subsequence of X; ; and Y; ; satisfying an occurrence vector v in The-
orem 6 with regard to the new occurrence vector w. Basically, the optimal
substructure is the same, and what we need to do is updating the occurrence
vector w following its definition. We give three theorems. The first one is for a
symbol not in X+ ,e.. Then, the second (or the third) theorem is for a symbol
0 € Ysocc such that Type(o) =0 (or Type(o) = 1).

Theorem 7. Suppose that x; &€ ¥~c,,.. There is a repetition-bounded longest
common subsequence Zy.p = (z1,22,...,2n) of X1.; and Y1.; satisfying an
occurrence vector w and the following properties:

1. If x; = y;, then z;, = x; and Z1. p—1 15 a repetition-bounded longest com-
mon subsequence of X1.,-1 and Y1 j_1 satisfying w

2. If x; # y;, then (a) zp # x; implies that Zy.p is a repetition-bounded
longest common subsequence of X1 ;_1 and Y1 ; satisfying w; and (b)
zn # y; tmplies that Zy. p, is a repetition-bounded longest common subse-
quence of X1 ; and Y1 ;1 satisfying w.

Proof. Since w is independent of a symbol o, € Ss¢,.., the proofs of Theo-
rem 6(1) and (4) can be also applied. O

Theorem 8. Suppose that x; = 0, € Xsc¢,.. and Type(o,) = 0. There is a
repetition-bounded longest common subsequence Zy p, = {z1,22,...,2n) of X1.4
and Y1.; satisfying an occurrence vector w and the following properties:

1. If z; = y;, then (a) z, = x; implies that Z1_p—1 is a repetition-bounded
longest common subsequence of X1 ;-1 and Y1, ;_1 satisfying w\p:wp_,_l;
and (b) zp, # x; implies that Z1 1 is a repetition-bounded longest com-
mon subsequence of X1.,-1 and Y1 ;1 satisfying w.

2. If x; # y,;, then (a) zp # x; implies that Zy.p is a repetition-bounded
longest common subsequence of X1 ;_1 and Y1 ; satisfying w; and (b)
zn # y; tmplies that Zy. p, is a repetition-bounded longest common subse-
quence of X1 ; and Y1, j—1 satisfying w.
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Proof. 1(a): The proof of Theorem 6(2) applies, except for the following point.
Since we use o, (= ;) for zj, from X, we need to decrease w, from the value for
Xis-1and Y7 ;1.
1(b): The proof of Theorem 6(3) applies, since w does not change.
2(a) and 2(b): The proof of Theorem 6(4) applies, since w does not change.
O

Theorem 9. Suppose that x; = o, € Xsc¢,.. and Type(o,) = 1. There is a
repetition-bounded longest common subsequence Zy p = {21,22,...,2n) of X1.4
and Y1.; satisfying an occurrence vector w and the following properties:

1. If z; = y;, then (a) z, = x; implies that Z1 1 is a repetition-bounded
longest common subsequence of X1 ;—1 and Y1, j_1 satisfying w; and (b)
zn # x; implies that Z1_ 1 is an repetition-bounded longest common sub-
sequence of X1 ;-1 and Y1, ;1 satisfying w|p—w,+1 if wp > 1, W|p—w, 11
or w if w, = 0.

2. If ¢y # y,;, then (a) zp # x; implies that Zy p is a repetition-bounded
longest common subsequence of X1 ;1 and Yy j satisfying w|p—w,+1 if
wy > 1, Wp—w, 41 or w if wy, = 0; and (b) z, # y; implies that Zy
is a repetition-bounded longest common subsequence of X1, and Y1 ;1
satisfying w.

Proof. 1(a): The proof of Theorem 6(2) applies, since w does not change.

1(b): The proof of Theorem 6(3) applies, except for the following point.
Since we delete o, (= ;) for 2, from X, we need to decrease w, from the value
for Xy ;-1 and Yy ;1 if w, > 0. When w, = 0, o, might be deleted even after
sufficient number of o,,’s are deleted, and hence w, = 0 may also hold for the
subsequence 21 p_1.

2(a): The proof of Theorem 6(4) applies, and similarly to 1(b), we decrease
wy from that for Xy ;_; and Y;_;_; if w, > 0. Then, in case w, =0, Z1. 1
may satisfy w.

2(b): The proof of Theorem 6(4) applies, since w does not change. O

5.8.5. Recursive formula

For i > 1 and j > 1, the recursive formula is obtained as follows, based on
Theorems 7, 8, and 9.
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L(i’j7w> =
Li—1,j—1w)+1

z; € ¥sc,., and z; = y; (Theorem 7-1)
max{L(i — 1,7, w), L(i,j —1,w)}

z; & Xsc,,, and z; # y; (Theorem 7-2)
max{L(i—1,j — L, w|p=w,+1) +1, LG —1,j —1,w)}

z; =0p € Bs0,,., Type(op) =0, and x; = y; (Theorem 8-1)
max{L(i — 1,j,w), L(i,j — 1,w)}

x; =0p € Bs0,,., Type(op) = 0, and z; # y; (Theorem 8-2)
max{L(i—1,j —1L,w)+1, L(i —1,j — 1, w|p=w,+1)}

z; =0p € Bsc,.., Type(op) = ; =y, and wp > 1 (Theorem 9-1)
max{L(i — 1,7 — 1, w)+1, L(i— 1 J—=Lwlp—w, 1), L —1,7 —1,w)}

x; =0y € Bs0,,., Type(op) = =y;, and w, = 0 (Theorem 9-1)
max{L(i — 1,/ wlymuy +1), AR

z; =0p € Es0,,., Type(op) =1,2; 7£ y;, and wy, > 1 (Theorem 9-2)
max{L(i — 1, j, wlpey 11), LG —1,j,w), L(i,j—1,w)}

x; = 0p € Bs0,.., Type(op) =1,2; # y;, and w, = 0 (Theorem 9-2)

(6)

Note that since L(i — 1,5 — 1l,w) 4+ 1> L(i — 1,5 — 1,w) clearly holds, the
fifth and the sixth formulas above for the case of Theorem 9-1 can be merged
into just one formula

maX{L(Z - 17.7 - ]_,’U)) + 17 L(Z - 13] - ]-7w|p:wp+1)}
for the case z; = 0, € ¥s0,,., Type(op) = 1, and z; = y;. Similarly, for the
last formula in the above can be simplified to
HlaX{L(Z - 1,.]'711]), L(Za] - 1,'11))},

since L(i—1, j, w|p=w,+1) < L(i—1, j,w) holds. However, we write the recursive
formula as above to make it easier to check the correspondence between the
formulas and the theorems.

Let W be a subset of the candidates of occurrence vector w such as

{(wr,wa,...,wk) | 0 <w, < Coee(op) if Type(op,) =0 and,;
wy = 0 if Type(o,) = 1}.
Note that for o, with T'ype(o,) = 1, w, must be 0 for a repetition-bounded
longest common subsequence which means that we successfully delete sufficient

number of o,’s to satisfy Cyec(op). Finally, we can obtain the length of a
repetition-bounded longest common subsequence by computing

L(X|,|Y .

max {L(|X, V], w)} (7)
Although the table L only maintains the lengths of repetition-bounded com-
mon subsequences, a repetition-bounded longest common subsequence that cor-

responds to the maximum length can be found by adding a trace-back step
(without increasing the time complexity).
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5.3.6. Time complezity

We estimate the time complexity of the new DP-based algorithm.

First we consider the maximum value of each w, in w. See the initial value
(2) of w, again. Since w, does not increase during the calculations of the
recursive formulas, the maximum value of wy, is Cyec(op) if Type(o,) = 0;
otherwise, i.e., if Type(o,) = 1, then occ(X,0p,) — Cocc(op). Recall that
for a symbol o, with Type(c,) = 0, Coce(0p) < Zocc(X,0,) must be satis-
fied from the definition (1). Moreover, for a symbol o, with Type(o,) = 1,
occ(X,0p) — Coce(op) < oce(X,0,) — 30cc(X,0,) = Foce(X,0,) holds from
the inequality Cocc(0p) > oce(X, 0,)/2 in (1). Since w, is an integer for every
1<p <t w, < [$oce(X,0p)] holds for every p.

Recall that for L(4, j,w),0 < ¢ < |X|and 0 < j < |Y]. Also, forop, € 5.,
0 < w, < [$0ce(X,0p)] as explained in the above. Therefore, the size of the
DP-table L is

Ix|+D(yvl+1) ] Q;occ(x,op)J + 1) ,

opEX> Coce

wfhere [lesc,.. (|30cc(X,0p)] + 1) corresponds to the number of candidates
of w.

Let f(i) = [{op | occ(X,0p) =i, 0p € Esc,..} X 4, Le, f(;) denotes the
number of symbols in X, ., that appear exactly ¢ times in X. Then, the
number of candidates of w is bounded from above by the following:

[ (|metton)] 1)

Op €X >Coce
|X| . £(i)
i ;
-I()+ 1>
=1
|X|
—1/()  93F(2)  93F(3) Hzf‘ﬂ

|X]
<(22)f W) x (22)7@  (22)/6) H 23)/

<1.414214X1] (8)

where the first inequality comes from the following facts: (i) 1 < 2'/2, (ii) 21/3 <
2172 and (iii) i'/* < 2Y2 for i > 4. Thus, the size of the DP-table L is
O(1.414214X1(| X |+ 1)(JY| + 1)) = O(1.41422"), where |X| = n, |Y| = poly(n),
and |X| < |Y].

Each entry of the DP-table L can be obtained in constant time by (5) and
(6). Then (the length of) a repetition-bounded longest common subsequence of
X and Y is obtained by (7) in O(1.414214™) time since |W| is at most the total
number of candidates of w whose upper bound is given by (8). In summary,
the time complexity of the proposed DP-based algorithm is O(1.41422™). This
completes the proof of Theorem 5.
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6. A polynomial-time 2-approximation algorithm for 2FLCS

In this section, we give a polynomial-time algorithm for 2FLCS and show
that its approximation ratio is bounded from above by two by using the proof
tools introduced in Section 4.1.

Algorithm. Suppose that a standard input quadruple (X,Y, Mx, My) is
given, i.e., occ(X,0) > occ(My,0) and oce(Y,0) > occ(Mx,0) are satisfied.
Let X ={z1,...,zp}and Y = {y1,...,ym}. Hereis an outline of our algorithm
ALG:

(Step 1) Let X, = ¢ and Yy = € be two empty sequences.

(1-1) While scanning from x; to z, of X, if the ith symbol z; in X
matches a symbol, say, oy, in My, then z; (= oy) is concatenated
to Y, ie., Yy = Yy ® (0y) and removed from My. Then, obtain a
filling Y* =Y;®Y of Y and My.

(1-2) While scanning from y; to y,, of Y, if the ith symbol y; in YV
matches a symbol, say, o,, in Mx, then y; (= 0,) is concatenated
to Xp, i.e.,, Xy = Xp @ (0,) and removed from Mx. Then, obtain
a filling XT = X & X, of X and My (n.b., not X, & X, while
Yt = Yf S5 Y)

(Step 2) Obtain a longest common subsequence Z of two fillings X+ and Y.
(Step 3) Output a solution triple (X, Y+, Z).

Example 6. Consider the input quadruple (X, Y, Mx, My) for 2FLCS given
in Example 3 again:

X:<g’t,c7a’c,t7g7a>’ Y:<g7a’t?c7c7g7t7g>?
Mx ={g,t}, and My = {c,t,t}

In Step (1-1), ALG first constructs Yy = (t,c,t) by scanning X from left to right,
and then obtains a filling Y+ =Y;®Y = (t,c,t,g,a,t,¢,¢,9,t,9). In Step (1-2),
ALG constructs Xy = (g,t) by scanning Y from left to right, and then obtains a
filling Xt = X & X}, = (g,t,c,a,¢,t,9,a,9,t). In Step 2, ALG finds a longest
common subsequence Z = (t,c,t,g,a,g,t) of X and YT, and finally outputs
the triple (XT,Y T, Z) in Step 3.

See Algorithm 1 for the detailed description of ALG.

Theorem 10. Algorithm ALG is a polynomial-time 2-approzimation algorithm
for 2FLCS on a standard input quadruple (X,Y, Mx, My ).

Proof. Suppose that the input (X,Y, Mx, My) of 2FLCS is standard. Let
X =(x1,...,2n) and Y = (y1,...,ym). Then, by applying the arguments of
Lemma 2 and Corollary 1 to all the symbols recursively, we can obtain the
sequences (i1, ..., %y |) and (j1,. .., fjary ) of different indices that satisfy the
following:

L(XaKMX7MY)
:L(X\<Zl7,Z|MY‘>,Y\ <j17"'7j|./\/lx\>7®’@) + |MY| + |MX|
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Algorithm 1: ALG

Input: Two sequences X = (x1,...,2Z,) and Y = (y1,...,¥m); and two
multisets M x and My
Output: Two fillings X of X and My, Y* of Y and My, and a
common subsequence Z of X and YT

Xy=¢,Y =g
fort:=1ton do
if z; = oy for 0y € My then
‘ Yy=Yr® <0y>a My = My \ {Uy}§
Yt :=Y;aY;
for i =1 tom do
if y; = o, for o, € Mx then
| Xy =X, ® (0a), Mx = Mx \ {oz};
X=X Xy;
Find a longest common subsequence Z of the two sequences X and
Y+,
11 return (X, Y1, 7);

© @ N O N W N e

fury
o

Clearly, the first term L(X\ (i1, ..., im0, Y \ (J1s- -+ Gk ), 0, 0) of the right-
hand side is at most L(X,Y") since X \ (i1,...,%amy () and Y\ (J1,. .., Jjamx))
are subsequences of X and Y, respectively. Therefore, the longest length OPT
of 2FLCS is at most L(X,Y) + |[Mx| + |[My].

Let ALG = |Z| be the length obtained by our algorithm ALG for the input
(X,Y,Mx, My), ie., ALG = L(XT,Y™). Since a longest common subse-
quence of X and Y is a common subsequence of X+ and Y, ALG > L(X,Y)
holds. Furthermore, since LC'S(X,Yy) @ LCS(X,,Y) is another common sub-
sequence of Xt and Y, ALG > L(X,Yy) + L(X,,Y) = [My| + [Mx| holds.
As a result, the approximation ratio of ALG is bounded as follows:

OPT _ _ L(X,Y)+|Mx|+|My|
ALG ~— max{L(X,Y),|Mx|+ |[My|}
2(L(X,Y) + [Mx| + [My])
2(max{L(X,Y),[Mx| + [Myl})
_ 2ALOGY) + My |+ My )
T L(X,)Y) + Mx|+ [My]
= 2.

Clearly, ALG runs in polynomial time. This completes the proof. O

For non-standard inputs, we can also obtain a 2-approximation algorithm
by slightly modifying ALG. If the input is not standard, then after Line 10 of
ALG, Mx and My are not empty. Roughly speaking, all we have to do is to
add M x My-matches for those “redundant” symbols.

Suppose that |[Mx N My| = ¢ at the end of Line 10 of ALG. Let Z’ be
an arbitrarily ordered sequence consisting of those ¢ symbols in Mx N My.
Then, we modify ALG by adding the concatenation procedures, X™ = X+ & Z/,
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Algorithm 2: ALG’

Input: Two sequences X = (x1,...,2Z,) and Y = (y1,...,¥m); and two
multisets M x and My
Output: Two fillings X of X and My, Y* of Y and My, and a
common subsequence Z of X and YT

1 Xy i=¢, Y=g
// Set Mx =0 and My =0
2 for i =1ton do
if x; = oy for 0, € My then
Vi =Yy ® (o), My := My \{oy};
// Set My := My U{o,} to keep the matched symbols
Yt =Y;aY;
for i =1 tom do
if y; = o, for 0, € Mx then
Xy, =Xy @ <0’w>, MX = MX \ {0’1};
// Set Mx := Mx U{0,} to keep the matched symbols
9 XT:=Xo&X,;
10 Find a longest common subsequence Z of the two sequences X and
Y+,
// Set Zy:=Z to keep the current common subsequence
11 Construct an arbitrarily ordered sequence Z’ consisting of all the
symbols in Mx N My;
12 Xt =XtoZ Yt =YT0Z,2=207"
13 return (X, Y1 7);

P

o N o o

YT =YT @ Z', and Z = Z ® Z' after Line 10. See the modified algorithm
ALG’.

It can be shown that the approximation ratio of the modified algorithm ALG’
is at most two as follows: Consider the status right after Line 10 in ALG’; we
get Mx and My at this moment. Note that the quadruple (X,Y, Mx, My)
is standard. Let OPT(X,Y, Mx, My) be the length of an optimal solution if
(X,Y, Mx, My) is given as input. Suppose that after Line 10, ALG’ obtains
the subsequence Z for the input (X,Y, Mx, My). One sees that even if the
input is (X,Y, Mx, My), ALG’ obtains the same subsequence Z; after Line
10. Therefore, from the similar arguments to the proof of Theorem 10, the
following inequality holds:

OPT(Xa KMX7MY) <92

| Zo| -
Let OPT(X,Y, Mx, My) and ALG(X,Y, Mx, My) be the lengths of an opti-
mal algorithm and ALG’, respectively, if the quadruple (X,Y, M x, My) is given

as input. Since the sequence Z’ of length / is concatenated to Z in Line 11,
we can obtain the followings:

OPT(X,Y, Mx, My) = OPT(X,Y, Mx, My) + ¢
ALG(X,Y, Mx, My) = |Zy| + ¢.
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Hence, for non-standard inputs, the approximation ratio of ALG’ is bounded as
follows:

OPT(X,Y, Mx, My) _ OPT(X,Y,Mx, My)+¢

ALG(X,Y, Mx, My) | Zo| + ¢
< OPT(X,Y,Mx, My)
B | Zo|
<2

Corollary 5. Algorithm ALG’ is a polynomial-time 2-approzimation algorithm
for 2FLCS.

7. Conclusion

We have studied four variants of the problem of computing the
longest common subsequence of two sequences X and Y (LCS): the
REPETITION-BOUNDED LONGEST COMMON SUBSEQUENCE problem (RBLCS),
the MULTISET-RESTRICTED COMMON SUBSEQUENCE problem (MRCS), the
TwoO-SIDE-FILLED LONGEST COMMON SUBSEQUENCE problem (2FLCS), and
the ONE-SIDE-FILLED LONGEST COMMON SUBSEQUENCE problem (1FLCS).
We first showed that each of MRCS, 1FLCS, and 2FLCS is polynomially equiv-
alent to RBLCS. Then, we designed a DP-based algorithm for RBLCS that runs
in O(1.41422™) time, which implies that MRCS, 1FLCS, and 2FLCS can also be
solved in O(1.41422™) time. Finally, we gave a polynomial-time 2-approximation
algorithm for 2FLCS, and answered one conjecture in [7] affirmatively.

For MRCS, 1FLCS, and RBLCS, a 2y/min{n,m}-approximation
algorithm [13], a %—approximation algorithm [7], and an occmaq-
approximation algorithm [1] are known, respectively, where occpmar =
maxy,exn{min{oce(X,0),occ(Y,0)}}, |X| = n, and |Y| = m. Future
work includes designing even better approximation algorithms and faster
(exponential-time) exact algorithms for the LCS variants studied here.
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