Minimum Algorithm Sizes for the Gathering and Related
Problems of Autonomous Mobile Robots*

Yuichi Asahiro®*, Masafumi Yamashita®

®Department of Information Science, Kyushu Sangyo University, 2-3-1 Matsukadas,
Higashi-ku, 813-8503, Fukuoka, Japan
b Kyushu University

Abstract

This paper investigates a swarm of autonomous mobile robots in the Euclidean
plane, under the semi-synchronous (SSYANC) scheduler. Each robot has a target
function to determine a destination point from the robots’ positions. Conven-
tionally, all robots in the swarm take the same target function. We allow the
robots to take different target functions, and investigate the effects of the num-
ber of distinct target functions on the problem-solving ability, regarding target
function as a resource to solve a problem like time. Specifically, we are inter-
ested in how many distinct target functions are necessary and sufficient to solve
a problem II. The number of distinct target functions necessary and sufficient to
solve II is called the minimum algorithm size (MAS) for II. The MAS is defined
to be oo, if II is unsolvable even for the robots with unique target functions.

We show that the problems form an infinite hierarchy with respect to their
MASS; for each integer ¢ > 0 and oo, the set of problems whose MAS is ¢ is not
empty, which implies that target function is a resource irreplaceable, e.g., with
time. We propose MAS as a natural measure to measure the complexity of a
problem.

We establish the MASs for solving the gathering and related problems from
any initial configuration, i.e., in a self-stabilizing manner. For example, the
MAS for the gathering problem is 2. It is 3, for the problem of gathering all
non-faulty robots at a single point, regardless of the number (< n) of crash
failures. It is however oo, for the problem of gathering all robots at a single
point, in the presence of at most one crash failure.
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1. Introduction

Swarms of anonymous oblivious mobile robots have been attracting many
researchers for three decades, e.g., [1, 3, 15, 17, 18, 19, 20, 22, 26, 31, 32, 33,
35, 36, 43, 45, 46, 52, 53]. An anonymous oblivious mobile robot, which is
represented by a point that moves in the Euclidean space, looks identical and
indistinguishable, lacks identifiers (i.e., anonymous) and communication devices,
and operates in Look-Compute-Move cycles: When a robot starts a cycle, it
identifies the multiset of the robots’ positions, computes the destination point
using a function, called target function' based only on the multiset identified,
and then moves towards the destination point.

All the papers listed above assume that all anonymous robots in a swarm
take the same target function. It makes sense, since anonymous robots do
not have identifiers: Roughly speaking, robots taking different target functions
can behave, as if they had different identifiers, regarding the target functions
as their identifiers (which may not be unique). On the other hand, robots
with different identifiers can behave, as if they had different target functions,
even when they have the same target function. They investigate a variety of
problems from simple ones like the convergence and the gathering problems
(e.g., [1, 45]) to hard ones like the formation problem of a sequence of patterns
and the gathering problem in the presence of Byzantine failures (e.g., [20, 31]),
and show that swarms of anonymous oblivious robots are powerful enough to
solve certain sufficiently hard problems. At the same time, however, we have
also recognized limitation of their problem-solving ability, e.g., the gathering
problem for two robots is not solvable [52].

A natural and promising approach to increase the problem-solving ability
of a swarm is to allow robots to take different target functions, or equivalently,
to give robots different identifiers, since almost all artificial distributed systems
enjoy having unique identifiers, e.g., serial numbers, to solve hard problems. We
take this approach, and investigate the effects of the number of distinct target
functions on the problem-solving ability. That is, we regard target function
as a resource like time, and investigate the number of distinct target functions
necessary and sufficient to solve a problem.

Let R and ® be a swarm of n robots ry,79,...,7,, and a set of target
functions such that |®| < n, respectively. A (target function) assignment A :
R — & is a surjection from R to &, i.e., every target function is assigned
to at least one robot. We call ® an algorithm? of R to solve a problem II, if
R solves II, no matter which assignment A that R takes. (Thus, we cannot

LA formal definition of target function will be given in Section 2.1.

2Here, we abuse a term “algorithm” in two ways: First, all robots are conventionally
assumed to take the same target function, so that an algorithm is usually a target function that
solves a problem. Second and more importantly, an algorithm must have a finite description.
However, a target function (and hence a set of target functions) may not, as defined in
Section 2.1. To compensate this abuse, when we will show the existence of an algorithm, we
insist on giving a finite procedure to compute it. To show its non-existence, on the other
hand, we will show that a function (not only an algorithm) does not exist.



assume a particular assignment when designing target functions.) The size |®|
of an algorithm @ is the number of target functions composing ®. The minimum
algorithm size (MAS) for II is the algorithm size necessary and sufficient to solve
IT. The MAS for IT is defined to be oo, if II is unsolvable even for the robots
with unique target functions.

Under the semi-synchronous (SSYNC) scheduler defined in Section 2.1, we
establish the MASs of self-stabilizing algorithms for solving the gathering
and related problems from any initial configuration. The papers given in the
first paragraph propose a variety of algorithms for anonymous oblivious robots
for a variety of problems, but most of them are not self-stabilizing; they solve
problems only from initial configurations satisfying some conditions. In what
follows, an algorithm means a self-stabilizing algorithm, unless otherwise stated.

Motivations

As pointed out, the MAS for a problem of an anonymous swarm is equal to
the number of identifiers of a homonymous swarm necessary and sufficient to
solve the problem. We claim that target function (and, hence, identifier) are
irreplaceable resources, and propose that MAS is a natural complexity measure
worth investigating. To this end, we shall prove that there is a problem with
MAS being ¢ for each integer ¢ > 0 and oo, i.e., the problems form an infinite
hierarchy with respect to their MASs, which implies that target function (and
hence identifier) are resources not substitutable, e.g., with time. We will mainly
establish the MASs for the gathering and related problems, hoping that we
can reach deeper understanding of their similarity and/or difference, e.g., the
reason why any algorithm for a problem needs more target functions than others.
Indeed, the proofs are instantiations of the understanding.

Related works — Homonymous distributed systems

A distributed system is said to be homonymous, if some processing elements
(e.g., processors, processes, agents, or robots) may have the same identifier. Two
extreme cases are anonymous systems and systems whose processing elements
have unique identifiers.

Maintaining the system elements of a distributed system to have unique iden-
tifiers is a promising strategy to efficiently solve distributed problems. In most
distributed systems, processing elements have unique identifiers such as serial
numbers. As a matter of course, distributed system models such as message-
passing and shared memory models assume the processing elements with unique
identifiers [41].

Angluin [4] started investigation on anonymous computer network in 1980,
and a few researchers (e.g., [11, 42, 47]) followed her, to pursuit a purely dis-
tributed algorithm which does not rely on a central controller, in the spirit of the
minimalist. Their main research topic was symmetry breaking; they searched
for a condition characterizing when symmetry breaking is possible in terms of
the network topology. (Later, [14] and [50] characterized the solvable cases.) A



rough conclusion established is that, symmetry breaking is impossible in gen-
eral, but the probability that it is possible approaches to 1, as the number of
processors increases, provided that the network topology is random.

Another popular problem in the early years was the function computation
problem [10, 11, 13, 37, 49]. They characterized functions computable on anony-
mous networks, and analyzed their computational complexities. Since then,
many articles have appeared on anonymous computing.

Yamashita and Kameda [48] investigated the leader election problem on
homonymous computer networks in 1989, and showed that the identifiers, even
if they are not unique, are frequently crucial information to solve the problem by
characterizing when the problem becomes solvable. The leader election problem
on homonymous computer networks (under different problem settings) has also
been investigated, e.g., in [2, 24, 29, 51].

Other research topics on homonymous computer networks include failure
detectors [6] and the Byzantine agreement problem [23]. In [6], the authors
introduced a failure detector class suitable for a homonymous system prone to
crash faults, where processes are partially synchronous and links are eventually
timely, and showed how to implement and use it in such a system, without
assuming the number of processes as initial information. In [23], the authors
showed that the Byzantine agreement problem is solvable if and only if ¢ >
3f + 1 in the synchronous case, and it is solvable only if £ > (n + 3f)/2 in the
partially synchronous case, where £ is the number of distinct identifiers and f
is an upperbound on the number of faulty processors. Thus, the MAS of the
Byzantine agreement problem is 3f +1 in the synchronous case, and it is greater
than (n + 3f)/2 in the partially synchronous case.

The anonymous mobile robot model was introduced in 1996 [44]. The model
was constructed, inspired by the development of distributed robot systems such
as multi-robot systems, drone networks, satellite constellations, and so on. Un-
like the anonymous computer network model, system elements called robots
reside in the Euclidean space, and change their positions, responding to the
current positions of other robots. Some research works are cited in the first
paragraph of this section.

The anonymous mobile agent model introduced in 2001 is another model
of anonymous distributed system [28]. It models software agents which repeat-
edly migrate from a computer to another through communication links. In the
anonymous mobile agent model, anonymous agents move in a given anonymous
finite graph. The black-hole problem [28] and the problem of searching for an
intruder [12] were investigated in early days.

The anonymous mobile robot and the anonymous mobile agent models share
many problems such as the gathering and the pattern formation problems. Solv-
ing such problems in a self-stabilizing manner while keeping the spirit of mini-
malist as much as possible is one of their main issues (see surveys [16, 34, 40]).
For the literature of self-stabilization in general, see, e.g., [30]. Sometimes con-
cepts and techniques introduced in the research of anonymous computer network
(e.g., the view [45, 47]) are also applied to solve these problems.

There are a few papers that treat homonymous swarms, e.g., [7, 8, 19, 39].



Team assembly of heterogeneous robots, each dedicated to solve a subtask, is
discussed in [39] (see also [38]). In [7], robots’ identifiers are used to specify
and evaluate the quality of the robots’ trajectories. The compatibility of target
functions is discussed [8, 19]: A set ® of target functions is compatible with
respect to a problem II, if a swarm of robots always solves II, as long as each
robot takes its target function from ®. Thus, two swarms whose robots take
target functions from ® can freely merge to form a larger swarm that solves II.

Since most of natural distributed systems consist of anonymous entities,
and do not have a central controller, natural distributed systems have inspired
researchers to introduce other anonymous distributed system models. One of
the models is the population protocol model, which was introduced in 2006 [5].
It is a model for a collection of agents, which are identically programmed finite
state machines. The amoebot model is another model introduced in 2014 [25]
(see also a survey [21]). Like the anonymous mobile agent model, anonymous
particles of the amoebot model move in a graph, but unlike the anonymous
mobile agent model, they move in an anonymous infinite graph.

Finally, the concept of MAS can be introduced to each of the anonymous
systems after allowing processes, robots, agents or amoebots to have different
algorithms.

Contributions

This paper investigates the MAS for various self-stabilizing gathering and
related problems, which are asked to solve problems from any initial configura-
tion. Throughout the paper, the scheduler is assumed to be semi-synchronous
(SSYNC), i.e., on a robot r, a Look-Compute-Move cycle starts at an integral
time instant ¢, and ends before (not including) ¢ + 1. More carefully, r observes
the robots’ positions at time ¢, and has reached its destination before the cycle
ends.

The c-scattering problem (¢SCT) is the problem of forming a configuration in
which robots are distributed at least ¢ different positions. The scattering prob-
lem, sometimes called the split problem, is the nSCT. The c-gathering problem
(¢GAT) is the problem of forming a configuration in which robots are distributed
at most c different positions. The gathering problem (GAT) is thus 1GAT. The
pattern formation problem (PF) for a pattern G is the problem of forming a
configuration P similar? to G.

We also investigate problems in the presence of crash failures: A faulty robot
can stop functioning at any time, becoming permanently inactive. A faulty robot
may not cause a malfunction, forever. We cannot distinguish such a robot from
a non-faulty one.

The f-fault tolerant c-scattering problem (fFcS) is the problem of forming a
configuration in which robots are distributed at ¢ (or more) different positions,

3Throughout this paper, we say that one object is similar to another, if the latter is
obtained from the former by a combination of scaling, translation, and rotation (but not
using a reflection).



Table 1: For each self-stabilizing problem II, the MAS for II, an algorithm for II achieving
the MAS (and the theorem/corollary/observation citation number establishing the result in
parentheses) are shown. ¢SCT is the c-scattering problem, cGAT is the c-gathering problem,
PF is the pattern formation problem, fFcS is the fault tolerant c-scattering problem in the
presence of at most f faulty robots, fFG is the fault tolerant gathering problem in the presence
of at most f faulty robots, and fFGP is the fault tolerant problem of gathering all robots
(including a faulty one) at f (or less) points in the presence of at most f faulty robots. fFcS
(for some values of f and ¢) and fFGP are unsolvable, thus their MASs are oco.

problem II MAS algorithm
eSCT (1 <c<n) c ¢SCTA (Thm. 1)
c¢GAT (2<c<n) 1 2GATA (Cor. 2)
GAT (= 1GAT) 2 GATA (Thm. 3)
PF n PFA (Thm. 6)
fFIS(1<f<n-1) 1 1SCTA (Obs. 1)
FF2S (1< f<n—2) f+2 (f +2)SCTA (Thm. 7)
(n—1)F2S 00 — (Thm. 7)
JES (¢>3,c+f—-1<n) | c+f—1] (c+ f—1)SCTA (Thm. 7)
fES (¢>3,c+ f—1>n) 00 — (Thm. 7)
fFG (1< f<n-1) 3 SGTA (Thm. 9)
fEGP 1< f<n-1) 00 — (Thms. 10,13)

as long as at most f robots have crashed. The f-fault tolerant gathering problem
(fFG) is the problem of gathering all non-faulty robots at a point, as long
as at most f robots have crashed. The f-fault tolerant gathering problem to f
points (fFGP) is the problem of gathering all robots (including faulty ones)
at f (or less) points, as long as at most f robots have crashed.

Table 1 summarizes main results.

Organization

After introducing the robot model and several measures we will use in this
paper in Section 2, we first establish the MAS of the c-scattering problem in Sec-
tion 3. Then the MASs of the c-gathering and the pattern formation problems
are respectively investigated in Sections 4 and 5. Sections 6 and 7 consider the
MASSs of the fault tolerant scattering and the gathering problems, respectively.
Finally, we conclude the paper by giving several open problems in Section 8.

2. Preliminaries

2.1. The model

Consider a swarm R of n robots ry,7s,...,7,. Each robot r; has its own
unit of length and a local compass, which define a local z-y coordinate system
Z;: Z; is right-handed, and the origin (0, 0) always shows the position of r;, i.e.,
it is self-centric. Robot r; has the strong multiplicity detection capability, and
can count the number of robots resides at a point.



Let P be the set of all (non-empty) multisets P of points in R? such that
(0,0) € P. A target function ¢ is a function from P to R?. Given a target
function ¢;, r; executes a Look-Compute-Move cycle when it is activated:

Look: r; identifies the multiset P of the robots’ positions in Z;.

Compute: r; computes x; = ¢;(P). (In case ¢; is not computable, we simply
assume that ¢;(P) is given by an oracle.)

Move: r; moves to ;. (We assume that r; always reaches x; before this Move
phase ends.)

We assume a discrete time 0,1,.... At each time ¢ > 0, the scheduler
nondeterministically activates some (possibly all) robots. Then activated robots
execute a cycle which starts at ¢ and ends before (not including) ¢ 4 1, i.e., the
scheduler is semi-synchronous (SSYNC).

Let Z; be the global -y coordinate system. It is right-handed. The coordi-
nate transformation from Z; to Z; is denoted by ;. We use Z, and ~; just for
the purpose of explanation. They are not available to any robot r;.

The position of robot r; at time ¢ in Zy is denoted by a;(r;). Then P, =
{x:(r;) : 1 <i < n} is a multiset representing the positions of all robots at time
t, which is called the configuration of R at t.

Given an initial configuration P, an assignment A of a target function ¢;
to each robot r;, and an SSYNC schedule,* the execution is a sequence & :
Py, Py, ..., P;, ... of configurations starting from FP,. Here, for all r; and ¢t > 0,
if r; is not activated at ¢, then @1 (r;) = x+(r;). Otherwise, if it is activated,
r; identifies Qgi) = 'yi_l(Pt) in Z;, computes y = qﬁi(QEi)), and moves to y in Z;.
Then @;41(r;) = v:(y). We assume that the scheduler is fair: It activates every
robot infinitely many times. Throughout the paper, we regard the scheduler as
an adversary.

The SSYNC scheduler is said to be fully synchronous (FSYNC), if every
robot r; is activated every time instant ¢ = 0,1,2,.... The scheduler which is
not SSYNC is said to be asynchronous (ASYNC). Throughout the paper, we
assume that the scheduler is SSYNC.

In what follows, when we discuss a problem for a fixed size n of the robot
swarm, the domain of a target function is the set P,, of all (non-empty) multisets
P of n points such that (0,0) € P. However, if it is obvious from the context,
we omit n from P,, to write P. For two sets X, Y (C R?) of points, dist(X,Y) =
mingex yey dist(x,y), and dist(x,Y) = dist({x},Y). For a configuration P,
let —P ={-p:pe P}

4An SSYNC schedule is an activation schedule produced by the SSYNC scheduler.



2.2. Orders and symmetries

We use three orders <, C, and > (besides the conventional order < on R).
Let <% be a lexicographic order on R2. For distinct points p = (Pz, py) and
q = (¢2,qy), P < q, if and only if either (i) p, < gy, or (ii) p; = ¢ and p, < gy
holds. Let C be a lexicographic order on P defined as follows: For distinct
multisets of n points P = {p1,p2,...,pn} and Q = {q1,4q>, ..., qn}, where for
alli=1,2,...,n—1, p; < p;11 and q; < g;41 hold, P C @, if and only if there
isani (1 <i<mn—1)such that (i) p; = g; for all j =1,2,...,i—1,% and (ii)
p; < q;. Note that p € P,,, and q € P, are incomparable in C, when m # n.

Let P = {p1,p2,...,Pn} € Pn. The set of distinct points of P is denoted by
P=1{qi,q,...,qn}, where |P| = n and |P| = m. We denote the multiplicity
of g in P by up(q), ie., up(q) = |{i : p; = q € P}|. We identify P with a
pair (P, up), where up is a labeling function to associate label up(q) with each
element q € P.

Let Gp be the rotation group G5 of P about op preserving jp, where op is
the center of the smallest enclosing circle of P. The order |Gp| of Gp is denoted
by kp. We assume that kp = 0, if |P| = 1, i.e., if P = {op}.

The symmetricity of P is o(P) = GCD(kp,up(op)), i.e., the greatest com-
mon divisor of kp and pp(op) [45]. Here, GCD(¢,0) = GCD(0,¢) = ¢.

Example 1. Let P, = {a,b,c}, P, = {a,a,b,b,c}, and P; = {a,a,b,b,c,c},
where a triangle abe is equilateral. Then kp, = o(Py) = 3, kp, = 0(P) =1,
and kp, = o(P3) = 3.

Let Py ={a,b,c, 0,0}, Ps={a,b,c,0,0,0}, and Ps = {0, 0,0}, where o is
the center of the smallest enclosing circle of an equilateral triangle abec. Then
kp, =3, 0(Py) =1, kp, = 0(Ps) = 3, kp, =0, and o(Ps) = 3. See Figure 1
for an illustration.

We use both kp and o(P). Suppose that P is a configuration (in Zy). When
activated, a robot r; identifies the robots’ positions Q") = 'y;l(P) in Z; in Look
phase. Since P and Q) are similar, kp = kg and o(P) = o(QW), ie., all
robots can consistently compute kp and o(P).

On the contrary, robots cannot consistently compute lexicographic orders
< and C. To see this, let £ and y be distinct points in P in Zy. Then both
'y;l(a:) < le(y) and 'y;l(a:) > 'y;l(y) can occur, depending on Z;. Thus
robots may be unable to consistently compare x and y using >. And, it is true
for C, as well. We thus introduce a total order =p on P, in such a way that
all robots can agree on the order, provided kp = 1. A key trick behind the
definition of >p is to use, instead of Z;, an z-y coordinate system =; which is
computable for any robot r; from QY.

Let I'p(q) C P be the orbit of Gp through g € P. Then |['p(q)| = kp if
q # op, and up(q') = pp(q) if and only if ¢ € T'p(q). If op € P, T'p(op) =

5We use the same notation < to denote the lexicographic order on R? and the order on R
to save the number of notations.
6We assume po = qo.



Figure 1: A configuration P, where P = {a,b,c,0}. A triangle abc is equilateral, and o is
the center of the smallest enclosing circle of P. If up(a) = up(b) = up(c) =i for an integer
i > 0, kp = 3; otherwise, kp = 1. If (kp = 3 and) pp(0) = 35 for an integer 5 > 0, then
o(P) = 3; otherwise, o(P) = 1.

{op}. Let 'p = {I'p(q) : ¢ € P}. Then I'p is a partition of P. Define z-y
coordinate system Z, for any point ¢ € P\ {op}. The origin of Z is q, the unit
distance is the radius of the smallest enclosing circle of P, the z-axis is taken
so that it goes through op, and it is right-handed. Let 74 be the coordinate
transformation from Z4 to Z,. Then the view Vp(q) of g is defined to be
Y¢ - (P). Obviously Vr(q') = Vp(q) (as multisets), if and only if ¢" € I'p(q).
Let Viewp = {Vp(q) : g € P\ {op}}. See Figure 2 for an illustration.

Any robot 7, in Compute phase, can compute Z4 and Vi) (q) for each
q € QW \ {ogwm}, and thus Viewg, from Q. Since P and Q9 are similar,
by the definition of Z4, Viewp = Viewg), which implies that all robots r; can
consistently compute Viewp.

We define > p on I'p using Viewp. For any distinct orbits I'p(g) and I'p(q’)
inTp, Tp(q) =p I'p(q’'), if and only if one of the following conditions hold:

L pp(q) > pp(q).

2. up(q) = up(q’) and dist(q,op) < dist(q',op) hold, where dist(x,y) is
the Euclidean distance between  and y.

3. up(q) = pup(q'), dist(q,op) = dist(q',op), and Vp(q) 3 Vp(q') hold. 7

Then = p is a total order on I'p. If kp = 1, since I'p(q) = {q} for all g € P, we
regard = p as a total order on P by identifying I'p(q) with q. For a configuration
P (in Zy), from Q¥ (in Z;), each robot r; can consistently compute kp = kg,
I'p=Tgw, and Viewp = Viewga, and hence =p=rqa- Thus, all robots can
agree on, e.g., the largest point q € P with respect to = p, provided kp = 1.

"Since dist(op,op) = 0, Vp(q) is not compared with Vp(op) with respect to 1.



Figure 2: A configuration P, where P = P = {op,a,b,c,d}. In Z;, op = (0,0),
a = (-1/2,1/2), b = (1,0), ¢ = (0,1), and d = (0, —1). Then the smallest enclosing cir-
cle C of P has the center op and radius 1. Solid arrows represent the z- and y-axes of
Za and Ep with the unit length (the radius 1 of C'). In Zp, points op, a, b, ¢, and d
are (1,0), (3/2,—1/2), (0,0), (1,—1), and (1,1), respectively, and thus ’y;l(P) = Vp(b) =
{(170)7 (3/27 _1/2)7 (07 0)7 (17 _1)7 (17 1)}

3. C-scattering problem

We start with showing that there is a problem whose MAS is ¢ for all integer
¢ > 0. Thus the problems form an infinite hierarchy with respect to their
MASs.8

The scattering problem (SCT), sometimes called the split problem, is the
problem to have the robots occupy distinct positions, starting from any config-
uration [26]. For 1 < ¢ < n, let the c-scattering problem (¢SCT) be the problem
to transform any initial configuration to a configuration P such that |P| > c.
Thus, the nSCT is the SCT. An algorithm for the ¢SCT is an algorithm for the
(¢ —1)SCT, for 2 < ¢ <.

Theorem 1. For any 1 < ¢ <n, the MAS for the ¢SCT is c.

Proof. (I) We first show that the MAS for the ¢SCT is at least ¢. Proof
is by contradiction. Suppose that the MAS for the ¢SCT is m < ¢ to derive a
contradiction. Let ® = {¢1, @2, . .., ¢m } be an algorithm for the ¢SCT. Consider
the following situation:

1. All robots 7; (1 < ¢ < n) share the unit length and the direction of positive
T-axis.

2. A target function assignment A is defined as follows: A(r;) = ¢; for
1<i<m-—1,and A(r;) = ¢, for m <i <n.

8We will show the existence of a problem whose MAS is co. However, this claim holds,
regardless of whether or not there is such a problem with MAS being co.
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3. All robots initially occupy the same location (0,0). That is, Py = {(0,0),
(0,0),...,(0,0)}.
4. The scheduler is FSYNC.

Let £ : Py, P1,... be the execution of R starting from Py, under the above
situation. By an easy induction on ¢, all robots ; (m < i < n) occupy the
same location, i.e., for all ¢ > 0, (1) = Tt(rmy1) = -+ = x4(ry). Since
|P;| <m < cforall t >0, a contradiction is derived.

(IT) We next present an algorithm ¢SCTA = {scty, scta, ..., sct.} of size ¢
for the ¢SCT, where target function sct; is defined as follows for any P € P.

[Target function sct;]

1. If |P| > ¢, then sct;(P) = (0,0) for i = 1,2,...,c.

2. If |P| = 1, then sct;(P) = (0,0), and sct;(P) = (1,0) for i =2,3,...,c.

3. If2<|P| <c—1,sct;(P)=(6/(2(i +1)),0) fori = 1,2,..., ¢, where § is
the smallest distance between two (distinct) points in P.

We show that ¢SCTA is an algorithm for the ¢SCT. Consider any execution
E: Py, Py,...,starting from any initial configuration Py. We can assume | Py| <
c without loss of generality, since |P;| > ¢ implies P, = P, for all t' > t.

Proof is by contradiction. To derive a contradiction, we assume that |P;| < ¢
for all t > 0. Let m = max;>¢ |ﬁt| < ¢, and assume without loss of generality
|P0| =m. o

Suppose that m = 1, i.e., Py = {p} for some p € R?. By the fairness of the
SSYNC scheduler, let ¢t > 0 be the time instant at which a robot r; that takes
a target function sct,(a # 1) is activated for the first time. Then P, = Py, and
there is arobot r; that takes sct; at p. By the definition of cSCTA, x441(r;) = p,
and @;41(r;) = v((1,0)). Thus |Py1]| > 2, since p = v,((0,0)) # v((1,0)). It
is a contradiction.

Suppose that 1 < m (< ¢). First observe that [P;| > m for all ¢ > 0.
Suppose @ (1;) # x(r;). Then dist(x:(r;), z¢(r;)) > . Since they both move at
most distance §/4, @i1(r;) # @e41(r;), regardless of their local z-y coordinate
systems, Z; and Z;.

Suppose that |P;| = m holds for all ¢ > 0. At each ¢, if a robot r at
x(r) = q is activated, all robots ' such that x;(r') = ¢ must be activated
simultaneously, and move to the same location, i.e., their target functions are
the same. However, it is a contradiction. There is a point ¢ € Py such that
xo(r;) = xo(r;) = q for some i # j, and r; and r; take different target functions,
since m < c. Thus, there is a time ¢’ > t such that |Py| > |P| = m.

Therefore, £ eventually reaches a configuration P, such that |P,| > c. O

Corollary 1. Let R be a swarm consisting of n robots. For ¢ = 1,2,...,n,
there is a problem I, for R such that the MAS for 11, is c.

Proof. Let II. be the ¢cSCT. Then the MAS for II. is c. O
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4. C-gathering problem

Let P = {p1,p2,...,0n} €EP, P=1{q1,q2,...,qmp}, mp = |P| be the size
of P, up(q) denote the multiplicity of q in P, op be the center of the smallest
enclosing circle Cp of P, and CH(P) be the convex hull of P.

The c-gathering problem (¢cGAT) is the problem of transforming any initial
configuration to a configuration P such that |P| < c¢. The 1GAT is thus the
gathering problem (GAT). An algorithm for the ¢GAT is an algorithm for the
(c+1)GAT, for 1 <e¢<mn-—1.

Under the SSYNC scheduler, the GAT from distinct initial positions is
solvable (by an algorithm of size 1), if and only if n # 2 [45], and the GAT from
any initial configuration is solvable (by an algorithm of size 1), if and only if
n is odd [27]. The MAS for the GAT is thus at least 2. Gathering algorithms
V¢ _point(n) (for n > 3 robots from distinct initial positions) in Theorem 3.4 of
[45] and Algorithm 1 (for odd n robots from any initial positions) in [27] share
the skeleton: Given a configuration P, if there is the (unique) “largest point”
q € P, then go to q; otherwise, go to op. Consider the following singleton
2GATA = {2gat} of a target function 2gat, which is a direct implementation of
this strategy using = p as the measure to determine the largest point in P.°

[Target function 2gat]

1. fmp=1,or mp =2 and kp = 2, i.e., up(q1) = pup(gz), then 2gat(P) =
(0,0).

2. If mp > 2 and kp = 1, then 2gat(P) = q, where g € P is the largest point
with respect to >p.

3. If mp >3 and kp > 2, then 2gat(P) = op.

We call a configuration P unfavorable if mp = kp = 2, which is said to be
bivalent in [15]. Otherwise, it is favorable. We show that algorithm 2GATA
transforms any initial configuration either to a goal configuration or to an un-
favorable configuration. A multiset P is said to be linear if CH(P) is a line
segment. We need the following technical lemma.

Lemma 1 ([8]). Let A be a set (not a multiset) of points satisfying (1) A is not
linear, (2) ka > 2, and (3) o4 € A. For a pointa € A, let B = (AU{o4})\{a},
i.e., B is constructed from A by replacing a € A with oa. Then kg = 1.

Theorem 2. Algorithm 2GATA transforms any initial configuration Py to a
configuration P which is either mp = 1 or unfavorable.

9We will use 2GATA as a main building block to construct many gathering and fault
tolerant gathering algorithms in the rest of this paper. 2GATA is different from ¥ _,oint(n)
and Algorithm 1, particularly in that it uses total order »>p defined in this paper. Since
Yf_point(n) assumes the robots to occupy initially distinct positions, and Algorithm 1 assumes
n to be odd, they cannot solve some problems that 2GATA can, like the ¢cGAT (for all
2<c<n).

12



Proof. Consider any execution £ : Py, Pi,... of 2GATA, starting from any
initial configuration Py. Let m; = |Py|, k¢ = kp,, it = pup,, Cy = Cp,, 0y = 0p,,
CH; = CH(P;), and »;=>p,.

We first claim that there is a time ¢ > 0 such that m; = 1 if kg = 1.
Let g € Py be the largest point with respect to =¢. It suffices to show that
1t (q) < per1(q) for all t > 0, provided that ¢ (g) < n. The proof is by induction
on t for all ¢ > 1. The induction hypothesis T H (t) is that (1) u:(q) > p(q’) for
any q'(# q) € P; (i.e., q is the largest point with respect to =;, and hence P; is
favorable), (2) ¢ = o; holds if k; > 1, and (3) p(q) > pe—1(q).

As for the base case, when ¢t = 1, since kg = 1, robots activated at time 0
move to q € Py. Since o(q) > uo(q') for any q' € Py by the definition of >,
11(q) > po(q) = po(q’) > pa(q'). Therefore, pi(q) > pa1(q'), g = o1 if k1 > 1,
and p1(q) > po(q). Thus, TH(1) holds.

As for the induction step, for ¢t = 1,2,..., we show TH(¢ + 1), provided
ITH(t), which however is almost the same as the base case. When k; = 1, since
wi(q) > pe(q’) for any q'(# q) € P;, and hence q is the largest point with
respect to >;, robots activated at time ¢ move to g, as in the base case, we have
pe1(q) > pe(q) > pe(q’) > pes1(q’), which implies that ps11(q) > p41(q),
q = 04y if kyyy > 1, and pe1(q) > pe(q), ie., TH(t 4+ 1) holds. Otherwise,
if k; > 2, robots activated at time ¢ move to oy, which is g by TH(¢). Thus,
pi+1(q) > pe1(q'), @ = 011 if kepr > 1, and e y1(q) > pe(q), ie., TH(t +1)
holds. Thus, the claim holds: u:(q) < p4+1(q) for all t > 0, and hence there is
a time ¢t > 0 such that m; = 1, if kg = 1.

The case k; > 2 for all ¢ > 0 remains. Without loss of generality, we may
assume that P; is favorable for all ¢ > 0 (since otherwise we have nothing to
show). We show that there is a time ¢ > 0 such that my > m;, which implies
my = 1 for some t > 0.

(I) First consider the case in which P, is linear. Let Py = {q1,q2,---,Qm, },
where g; (1 < i < mg) appear in gqiqm, in this order. By the definition of
2GATA, since P, is linear, so is P; for all ¢ > 0, and hence k; = 2 since k; > 2.

(I-A) Suppose that mo(> 3) is odd. Since kg = 2, 09 = q[pm,/2] € Py, and all
robots activated at time 0 move to 0g. Since mi < mg, m; = mg (because we
have nothing to show if m; < mg), P1 = Py, p1(01) = p1(00) > po(0o), k1 = 2,
and P is favorable, by assumption. Repeating this argument, since u:(0p) = n
implies m; = 1, there is a time ¢ such that m; < my.

(I-B) Suppose that mo(> 4) is even. Since ko = 2, all robots activated at time
0 move to 09 = (q1 + Gm,)/2 & Py. Thus mg < m1 < mg + 1 (since we have
nothing to show if m; < my).

If my = mo + 1, since my is odd, k; = 2, and P; is favorable, by the
argument in (I-A), eventually m; > m; holds for some ¢t > 1 for the first
time. Since all robots activated move to o9, Py = P; for all 1 < ¢/ < t.
Since k; = 2 and m; = mg (since we have nothing to show if m; < my),
P, = Pi\{q.} = (PyU{0o0})\{g.}, where e is either 1 or mg. Furthermore, since
ko(= k1) = ke =2, foralli =1,2,...,mg—1 except for mg/2, dist(q;, qi+1) = d,
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and dist(qm, /2, 00) = dist(00, Gm, j24+1) = d, for some d > 0. That is, eventually
€ reaches a configuration P; such that k; = 2, m; = my is even, and all points
in P(= (PyU{oo}) \ {g.}) occur in an equidistant manner in C'H;, where e is
either 1 or my.

If m; = my, since k1 = 2, by the same argument, k; = 2, m; = my is even,
and all points in Py(= (Py U {0}) \ {gc}) occur in an equidistant manner in
CH,, where ¢ is either 1 or mg.

Thus, without loss of generality, we may assume that kg = 2, mo(> 4) is
even, and all points g; € Py occur in an equidistant manner in C Hy.

We repeat the above arguments: Since kg = k; = 2, it must hold
2 - dist(qy, q2) = dist(@m, /2, Gme/2+1) in P, which contradicts the assumption
for Pp.

(IT) Next, consider the case in which Py is not linear. As in (I), mo < my <
mo + 1 (since we have nothing to show if my < myg).

(ITI-A) Suppose first that m; = mg + 1. That is, og & Py, and P; = Py U {00}
Since k1 > 2 and 01 = 0g, all robots activated at time ¢ move to op, as long as
P, = P; holds.

Let ¢t > 1 be the first time such that mo = m; < m;—1 = my hold (since we
have nothing to show if m; < mg). Since P,_; = P, = PyU{op}, 0;_1 = 0y, and
ki—1 > 2, all robots activated at ¢t — 1 move to 0g. Suppose that P, = P \ {q},
for some q € Py (since oy remains in P;). Since ky > 2, P, is not linear, oy ¢ Py,
and P, = (Py \ {q}) U {00}, we have k; = 1 by Lemma 1, which contradicts the
assumption that k; > 2 for all ¢.

(II-B) Suppose next that my = mg. There are two cases to be considered. If
0y € Py and P, = Py, all robots activated at t move to oy, as long as P, = P,
since kg > 2 and P; is favorable. Thus, eventually £ reaches a configuration P;
such that m; < my.

Otherwise, if 0op € Py, and P, = (PyU {og}) \ {q} for some q € P,, where
q # og. Since ky > 2, Py is not linear, oy ¢ Py, we have k; = 1 by Lemma 1,
which contradicts the assumption that k; > 2 for all ¢. Thus, if k; > 2 and P,

is favorable for all ¢, there is a time ¢ > 0 such that mg > my. O
Corollary 2. The MAS for the cGAT is 1, for all 2 < ¢ < n.

Proof. By Theorem 2, 2GATA is an algorithm for the 2GAT, which implies that
it is an algorithm for the ¢cGAT for all 2 < ¢ < n. O

If we consider that a problem with a smaller MAS is easier than a one with
a larger MAS, the ¢cGAT is not harder than the ¢SCT for all 2 < ¢ < n.

Corollary 3. Algorithm 2GATA solves the GAT, if and only if the initial con-
figuration is favorable.

Proof. By the definition of 2gat, 2GATA does not solve the GAT), if the initial
configuration is unfavorable, since no robots can move at an unfavorable con-
figuration. We show that 2GATA solves the GAT, if the initial configuration is
favorable.

14



If a favorable configuration never yields an unfavorable configuration, any
execution starting from a favorable configuration eventually reaches a goal con-
figuration of the GAT by Theorem 2 (since it does not reach unfavorable con-
figuration). We show this fact by contradiction.

Suppose that a configuration P, at a time t is favorable, but P,y is unfa-
vorable, to derive a contradiction. By the proof of Theorem 2, if k; = 1, so is
kiy1, which implies that P41 is favorable. Thus, we can assume without loss of
generality that k; > 2 and m; > 3.

Let P, = {q1,q2,---,qm,} and Py 1 = {p1, p2}. Without loss of generality,
p1 = o; and py = g; for some 1 < j < my, since all robots activated at ¢ move
to o;. Note that o; may not be in P,. Observe that

pr1(P1) =1 — pep1(P2) = n — pey1(q;) > n — pe(qz) > n/2,

since p1.(q;) < n/2 (because m; > 3 and k; > 2), which is a contradiction to the
fact that P41 is unfavorable. O

Corollary 3 has been obtained by some researchers: The GAT is solvable, if
and only if n is odd [27]. Or more precisely, it is solvable, if and only if the initial
configuration is favorable (i.e., not bivalent) [15]. Note that the algorithm of
[15] makes use of the Weber point (instead of the center of the smallest enclosing
circle), and tolerates at most n — 1 crashes.

Consider a set GATA = {gaty, gata} of target functions gat; and gate defined
as follows. GATA is an extension of 2GATA. Indeed, gat; = 2gat, and gats =
2gat, as long as a configuration is favorable. If a configuration is unfavorable,
gats is designed so that it can yield a favorable configuration. If gats works as
we expect, which fact we shall show as Theorem 3, GATA is a GAT algorithm
by Corollary 3.

[Target function gat;|
1. gaty(P) = 2gat(P).
[Target function gats]

1. If P is favorable, then gats(P) = 2gat(P).

2. If P is unfavorable, then mp = 2 and kp = 2. Let g be a point in P such
that q # (0,0). Since (0,0) € P, q is uniquely determined. If g > (0,0),
then gats(P) = q. Else if g < (0,0), then gata(P) = 2q.

In what follows, a robot taking ¢ as its target function is called a ¢ robot.

Figures 3 and 4 illustrate how gats robots transform a given unfavorable
configuration to a favorable one. Since gat; robots do not move when a config-
uration is unfavorable, Figure 3 illustrates gats robots only: Four gats robots
r1,...,T4 are represented by black and white triangles, where ry and r, are at
(0,0) in Z4, 79 and r3 are at q in Zy, and points (0,0) and g are represented
by large circles. The behaviours of the gats robots do not change, even if the
same number of gat; robots additionally reside at each of the points, like an
unfavorable configuration in Figure 4(1), where gat; robots are represented by
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Figure 3: An unfavorable configuration P with four gats robots r1, r2, r3, and r4. The same
number of gati robots may reside at each of (0,0) and g, but they are omitted. The local
z-y coordinate system for a robot represented by a black or a white triangle is depicted in the
right box. For r1, q (in Z4) is larger than (0,0) with respect to > p, and hence it moves to q
when activated. For ra, r3, and rq4, (0,0) is larger than g with respect to > p, when activated,
r2 and r3 move to (0,0), while r4 to 2q (not to q).

white squares. We omit gat; robots from Figure 3. Robots represented by black
and while triangles differ in their local x-y coordinate systems, as shown in the
right box. Finally, a dashed arrow represents the move of a robot, where the
target point (if it moves) is represented by a dashed circle.

The key trick in GATA to break symmetry between the robots at (0,0) and
q works based on the asymmetric behaviors of gats robots ro (or r3) and 74
represented by black triangles: r3 can move to (0,0), but it cannot return to
q. We will formally show the correctness of GATA in Theorem 3 using this
asymmetry. Since the proof is by contradiction, to aid readers’ understanding,
we roughly illustrate, in Figure 4, how the unfarovable configuration in Figure 3
is transformed into a favorable one.

Given an unfavorable configuration in Figure 4(1) (which is the one in Fig-
ure 3 when there is a gat; robot at each points), an unfavorable configuration
yields only if 1 and 79 are activated, and an unfavorable configuration in Fig-
ure 4(3) yields. Although these two unfavorable configurations in Figure 4(1)
and (3) look the same, because of the asymmetry of the behaviors of 71 and 73,
a favorable configuration in Figure 4(4) must yield, if r; and 7o are activated.
(If the scheduler activates another set of robots, a favorable configuration yields,
t00.)

Theorem 3. GATA is an algorithm for the GAT. The MAS for the GAT is,
hence, 2.

Proof. We show that GATA = {gat;, gata} is a gathering algorithm. Consider
any execution £ : Py, Pp,... starting from any initial configuration Py. By
Corollary 3, we can assume that Py is unfavorable by the definition of GATA.
Without loss of generality, we may assume that P, satisfies Py = {(0,0), (1,0)}
in Zy, puo((0,0)) = po((1,0)) = h, i.e., n = 2h is even. By the definition of
GATA again, it is easy to observe that P; is linear. We show that there is a
time ¢ such that P, is favorable. Proof is by contradiction.

A gaty robot does not move, if a configuration is unfavorable. Since there
is at least one gat; robot, without loss of generality, we assume that there is a
gaty robot at (0,0) at ¢t = 0. Since P; is unfavorable for all ¢ > 0, all gat; robots
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o (1,0), which implies (0,0), (1,0) € P;. Since P is unfavorable, the following
three conditions hold: P, = {(0,0), (1,0)}, ao((1,0)) = ag((0,0)), and all robots
r; € Ao((1,0)) move to (0,0), each satisfying (0,0) < q in Z;. Then, Py = P;
holds.

We make a key observation here. At ¢ =1, each robot r; € Ag((0,0)) (resp.
r; € Ap((1,0))) currently at (1,0) (resp. (0,0)) satisfies (0,0) > q in Z; (resp. in
Z;) Therefore, any robot r; in Ag((0,0)) (resp. r; in Ay((1,0))) is not included
in A;((1,0)) (resp. A:((0,0))) as a member, as long as Py = P; holds. Thus
there is a time ¢ > 0 such that a;((0,0)) = 0 holds. We consider the smallest
such ¢t. That is, a¢((0,0)) > 0 for 0 <t <t —1, and Py = P; hold.

If there is a robot r; € A;4((1,0)) satisfying (0,0) < g in Z;, then a:((0,0)) >
0, which is a contradiction. Thus every robot r; € A.((1,0)) satisfies (0,0) > g
in Z;, and moves to (—1,0), which implies that (—1,0),(0,0) € P,+1. Since
P, 44 is unfavorable, P11 = {(—1,0),(0,0)}, and all robots r; at (1,0) at time
t are activated at ¢, and move to (—1,0), each satistying (0,0) > g in Z;. Since
P, is unfavorable, a;((1,0)) = h and hence ¢t = 0.

Without loss of generality, we may assume that Py = {(—1,0),(0,0)},
po((—1,0)) = po((0,0)) = h, all robots r; at (—1,0) are gaty robots, each
of which satisfies (0,0) < g in Z;.

By the same argument above, every robot r; € A:((0,0)) satisfies (0,0) < g
in Z;, and moves to (—1,0); r; then satisfies (0,0) > q in Z; at time ¢+ 1 (since
r; is now at (—1,0)). The same number of robots r; are included in A;((—1,0)),
which should not include a robot r; satisfying (0,0) > q in Z;, and they all
move to (0,0); r; then satisfies (0,0) > g in Z; at time ¢ + 1 (since r; is now at
(0,0)).

Since there is a gat robot at (0,0) at ¢ = 0, when the hth robot r; at (—1,0)
(which satisfies (0,0) < g in Z;) is activated at some time ¢, there is no robot at
(0,0) which can move to (—1,0). It is a contradiction, since Py, is favorable.

U

A target function ¢ is said to be symmetric (with respect to the origin) if
¢(P) = —¢(—P) for all P € P. An algorithm & is said to be symmetric if every
target function ¢ € & is symmetric. Target function 2gat is symmetric, but
GATA is not a symmetric algorithm. Indeed, the next lemma holds.

Lemma 2. There is no symmetric algorithm of size 2 for the GAT.

Proof. Proof is by contradiction. Suppose that ® = {¢1,¢2} is a symmetric
gathering algorithm.

Consider the following case of n = 4. Let R = {ry,r2, 73,74}, where r; and
ro, and 73 and 74, are respectively clones. That is, r; and ro (resp. 73 and r4)
share the same local coordinate system Z (resp. Z’'), and r; and ry (resp. r3
and 74) take ¢; (resp. ¢o) as their target function. In the initial configuration
Py, Py = {po,qo}, To(r1) = xo(r2) = po, and xo(r3) = xo(r4) = go hold.
Furthermore, the scheduler activates r; (resp. r3), if and only if it activates ry

(resp. 74).
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Let £ : Py, P1,... be an execution satisfying the above conditions. At any
time ¢, @:(r1) = @:(r2) = Pt, and x4(r3) = x4(r4) = @1, for some p; and g;.

We consider the following scheduler: For any time ¢, unless they all meet at
time ¢ 4 1, the scheduler activates all robots. Otherwise, it nondeterministically
selects either 1 and 79, or r3 and 74, and activates them. Since £ transforms
Py to a goal configuration, in which they all gather, there is a time instant ¢
such that either p;y1 = p; and qy+1 = Py, or pry1 = q¢ and qy11 = qy-

Now, consider an initial configuration Qo such that xo(r1) = xo(rs) = p:
and @o(r2) = ®o(r4) = g Then under the FSYNC scheduler, Qo = Q1 = ...
hold, since ® is symmetric. Thus ® is not a gathering algorithm. O

There is however a symmetric gathering algorithm SGTA =
{sgaty, sgats, sgats}, where target functions sgat;, sgate, and sgats are
defined as follows. SGATA is an extension of GATA (and 2GATA). Like
GATA, sgat; = 2gat if a configuration is favorable, for ¢ = 1,2,3. If a
configuration is unfavorable, sgat; (i = 1,2, 3) are designed so that a favorable
configuration must yield. Since target functions must be symmetric, SGATA
needs a collaboration of three target functions (unlike two for GATA).

[Target function sgati]

1. If P is favorable, sgaty(P) = 2gat(P).

2. If P is unfavorable, then mp = 2 and kp = 2. Let g be a point in P
such that g # (0,0). Since (0,0) € P, q is uniquely determined. Then,
sgat,(P) = —q.

[Target function sgats]

1. If P is favorable, sgata(P) = 2gat(P).

2. If P is unfavorable, then mp = 2 and kp = 2. Let g be a point in P
such that g # (0,0). Since (0,0) € P, q is uniquely determined. Then
sgato(P) = —2q.

[Target function sgats]

1. If P is favorable, sgats(P) = 2gat(P).

2. If P is unfavorable, then mp = 2 and kp = 2. Let g be a point in P
such that g # (0,0). Since (0,0) € P, q is uniquely determined. Then
sgats(P) = —3q.

Figure 5(1) illustrates how each robot moves at an unfavorable configuration.
As in the top right box, sgaty, sgats, and sgats robots are represented by square,
triangle, and star, respectively. By the moves of robots in Figure 5(1), if a robot
at (1,0) is activated, then a favorable configuration yields, regardless of which
other robots are activated. Thus, a favorable configuration eventually yields by
the fairness of the scheduler. Figure 5(2) illustrates a favorable configuration
that yields, when one sgats and one sgats robots are activated. Theorem 4
formally shows this fact.

Theorem 4. SGTA solves the GAT for n > 3. The MAS of symmetric algo-
rithm for the GAT is hence 3.
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ign, say\sgat;, since, otherwise, |P;| 2~ 3 holds, and/P
becomes favorable—Now P is stitt-unfavorable.

By the fairness of the scheduler, there is a time ¢ such that a robot in
R((1,0)) is activated. Then all robots in R((1,0)) are activated simultaneously
at t, again, because otherwise, |P;4+1| > 3 holds. Observe that there are robots
taking sgats and sgatz in R((1,0)), and hence Py is favorable since [Py 1| > 3.
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5. Pattern formation problem

Let P* be the set of multisets of points in R2. Given a goal pattern G €
P* consisting of n points in Zy, the pattern formation problem (PF) for G
is the problem of transforming any initial configuration I of n robots into a
configuration similar to G. In what follows, without loss of generality, we assume
|G| = |I| = n, when we consider the PF for a goal pattern G from an initial
configuration I, since G is not formable from I, if |G| # |I|. The GAT is the PF
for a goal pattern G = {(0,0), (0,0),...,(0,0)} € P*, and the SCT is reducible
to the PF for a right n-gon.

Theorem 5 ([52]). The PF for a goal pattern G is solvable (by an algorithm
of size 1) from an initial configuration I such that |I| = |I|, if and only if o(QG)
is divisible by o(I). The only exception is the GAT for two robots.

Thus, a pattern G is not formable from a configuration I by an algorithm
of size 1, if ¢(G) is not divisible by o(I). In the following, we investigate an
algorithm that solves the PF from any initial configuration 7, for any G.

Lemma 3. The MAS for the PF is at least n.

Proof. Let G be a right n-gon. If there was a pattern formation algorithm for
G with size less m < n, the SCT could be solved by an algorithm of size m < n,
which contradicts Theorem 1. O

A scattering algorithm nSCTA transforms any initial configuration I into a
configuration P satisfying P = P. We can modify nSCTA so that the resulting
algorithm nSCTA* can transform any initial configuration I into a configuration
P satisfying (P = P and) o(P) = 1. On the other hand, there is a pattern
formation algorithm (of size 1) for G which transforms any initial configuration
P satisfying (P = P and) o(P) = 1 into a configuration similar to a goal pattern
G (see, e.g., [52]). The pattern formation problem is thus solvable by executing
nSCTA* as the first phase, and then such a pattern formation algorithm as
the second phase, if we can modify these algorithms so that the robots can
consistently recognize which phase they are working. We describe an algorithm
PFA = {pfi,pfe,...,pfn} (for a swarm of n robots) which solves the PF for
a given goal pattern GG, based on this approach. Since the cases of n < 3 are
trivial, we assume n > 4.

We say a configuration P is good, if P satisfies either one of the following
conditions (1) and (2) (see Figure 6, for illustrations):

(1) P =P, ie. Pisaset, and can be partitioned into two subsets P, and P,
satisfying all of the following conditions (Figure 6(1)):

(1a) P, = {p1} for some p; € P.
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pi(q1) /0—2\

Figure 6: Two types of good configurations. Figure (1) illustrates a good configuration sat-
isfying condition (1), and Figure (2) a good configuration satisfying condition (2). In Figure
(2), in parentheses, we associate symbols g1, Q2, and Q3 with p1, P2, and P3, as defined in
the proof of Lemma 4.

(1b) dist(p1,02) > 1002, where oy and &2 are respectively the center and
the radius of the smallest enclosing circle Cy of P\ {p1}.

(2) The smallest enclosing circle C' of P contains exactly two points p1,p3 € P,
i.e., p1p3 forms a diameter of C. Cousider a (right-handed) z-y coordinate
system Z satisfying p; = (0,0) and ps = (31,0).1° For i = 1,2,3, let C;
be the unit circle with center o; (and radius 1 in Z), where 01 = (0,0),
02 = (10,0), and o3 = (30,0). Let P, C P be the multiset of points
included in C; for i = 1,2,3. Then P is partitioned into three submultisets
P17P2, and Pg, i.e., P\(P1UP2UP3) = @, and P17 P27 and P3 satisfy the
following conditions (Figure 6(2)):

(23) P1 = {Pl}
(2b) P, is a set (not a multiset).

(2c) Ps is a multiset that includes p3 as a member. It has a supermultiset
P* which is similar to GG, and is contained in Cj, i.e., Ps is similar to
a submultiset H C G.

If P is good, it is easy to observe that o(P) = 1: Suppose that P satisfies
condition (1). By definition, |Py| = |P;| > 3. For any two points q,q’ € P,
dist(q,q’) < 25,5, and dist(p1,q) > 963. Thus, o(P) = 1, since kp = 1 and
op ¢ P, where op is the center of the smallest enclosing circle of P. Suppose
that P satisfies condition (2). Since P; # @) for i = 1,2,3, o3 = (10,0), 03 =
(30,0), and C; is a unit disk for i = 1,2,3, kp = 1 and op ¢ P, which implies
that o(P) = 1.

Since a good configuration P has kp =1, >p is a tetal order on P, Hence

zr)?bOtS can compute the largest point in P with respect fo. p. Moixover, when

=2
o

- > 104, 0y
10Note that Z is uniquely determined, and the unit distance of Z N dist(py/p3)/31.

Py (Q2) 22 P3(Q3)

o}
o3

O: P3
(30,0) /(31,0)

(0,0) (10,0)
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P satisfies condition (2), and |Ps| = |P| > 2, =p/ is still a total order on P,
where P’ = P\ P5. Hence, robots can also compute the largest point in P, with
respect to = p/. We make use of these facts to construct a PF algorithm PFA.

Lemma 4. Let P be a good configuration. Then P satisfies exactly one of
conditions (1) and (2), and py is uniquely determined in each case.

Proof. Cousider any configuration P that satisfies condition (1) for a partition
{P1, P,}. Suppose that P also satisfies condition (2). Then there is a partition
{Q1,Q2,Q3} of P such that Q1, Q2, and Q3 satisfy conditions (2a), (2b), and
(2¢), respectively.

We claim that P, = Q; and hence P, = Q2 U Q3 (see Figure 6(2)). Let
P, = {p1} and Q1 = {q1} Suppose p1 # q1 to derive a contradiction. Then,
q1 € P», which implies that every point in P, is within distance 205 from q;.
Since dist(p1,q1) > 92, Q3 = {p1}, and hence Q2 = P\ {p1,q1}.

Let o be the center of the smallest enclosing circle of Q2. Obviously,
dist(q1,0) < 255. In Z, g1 = (0,0), p1 = (31,0), and o = (10,0). Since
dist(p1,q1) > 909, dist(q1,0) > 2d2, which is a contradiction.

Thus, P, can be partitioned into two multisets Qo and ()3, and partition
{P1,Q2,Q3} satisfies condition (2). However, it is impossible by the following
reason. Consider the center o of the smallest enclosing circle of Q2. By condition
(1b), dist(p1,0) > 965. Since P» = Q2 U Q3, dist(ps, 0) < 202. However, it is a
contradiction, since o cannot be placed at (10,0) in Z.

By a similar argument, if P satisfies condition (2), then it does not satisfy
condition (1).

It is easy to show that p; is unique by a similar argument. O

We start with defining nSCTA* = {sct} : i = 1,2,...,n}, which is a slight
modification of nSCTA, and is designed to yield a good configuration from any
configuration. If a configuration P is not good and P # P, we define sct} = sct;
for i = 1,2,...,n, so that nSCTA* can solve the SCT. Then, eventually a
configuration P such that P = P yields. If a configuration is not good and

P = P, we move the robot with sct] to point p;, so that a good configuration
satisfying condition (1) can yield.
[Target function sctf]
(I) If P is good: sct;(P)=(0,0) fori=1,2,...,n.
(IT) If P is not good:
1. Fori=2,3,...,n:
If P # P, then sct;(P) = sct;(P).
Else if P = P, then sctf(P) = (0,0).
2. Fori=1:

(a) If P # P, then sct;(P) = sct1(P).

(b) If P = P and dist((0,0),0) < 103, then sctj(P) = p. Here o and §
are, respectively, the center and the radius of the smallest enclosing
circle of P\{(0,0)}. If o # (0,0), p is the point such that (0,0) € op
and dist(p,0) = 106. If o = (0,0), p = (104, 0).
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Figure 7: The target point p of robot 71 with sct], when configuration P is not good and

P = P. The two figures (1) and (2) illustrate two cases in (b). In each cases, dist(o,p) = 106
holds, and a good configuration satisfying condition (1) yields, when r; is activated. Here, r1
represents the position of robot r1 at P, and Z; is given in the right box.

(c) If P = P and dist((0,0),0) > 104, then sct}(P) = (0,0).

Let r; be the robot taking sct;. When P = P and P is not good, all
robots except 71 can move, and a good configuration satisfying condition (1)
yields, if r; is activated. To this end, sct] defines p, as py, sufficiently far away
from o. Specifically, p is defined in (b) and (c¢) of sctf, in such a way that
dist(o,p) > 10d. Two cases in (b) are illustrated in Figure 7(1) and (2). Here,
r1 represents the position of robot r at P.

Lemma 5. nSCTA* is an algorithm to transform any initial configuration Py
to a good configuration P.

Proof. Consider any execution £ : Py, Py, ... of nSCTA* from any initial con-
figuration Py, which is not good. By the proof (II) of Theorem 1, at some time
t, P, = P, holds. If P, is good, we have nothing to show.

Suppose that P, is not good. Let r; be the robot taking sct} as the target
function. The only robot that can move is 71, and it computes sct}(P), where
P =~ (P,). By the definition of sct}, (P\{(0,0)})U{p} is good (see Figure 7).

By definition, v1((0,0)) = @4(r1), P and P; are similar, and no other robots
move at time ¢. Thus Py = (P \ {x:(r1)}) U {~i(p)}, which is similar to
(P\{(0,0)})U{p}, although ~;(p) depends on Z; when oy = (0,0) in Z;. Thus
P, is good. O

“¥o G from
p

Let us explain next how to construct & goal-configiration wimil2
a good configuration P. -
(I) Suppose that P sajusffes condltl n for a partition {Py, P>}, where P, =
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Otherwise, let ps be the point satisfying 02 € prps and dist(0s, p3) = 2102,
where oo and Jo are, respectively, the center and the radius of the smallest
enclosing circle Cy of P,. We choose a point p in P,, and move the robot at p
to p3. Note that the robot at p is uniquely determined, since P = P.

Then P is transformed into a configuration P’ which is good, and satisfies
condition (2) for partition {Py, P> \ {p},{ps}}.

(IT) Suppose that P satisfies condition (2) for a partition {Py, P2, P3}, where
P, = {py}. Like the above case, we choose a point p in P,, and move the robot
at p to a point q. Here g must satisfy that there is a superset P* of P3 U {q}
which is contained in C3, and is similar to G.

Suppose that a configuration P’ yields from P. Then, P’ has a partition
{P1, P>\ {p}, Ps U{q}}, if P2\ {p} # 0. Since this partition clearly satisfies
condition (2), P’ is good (and satisfies condition (2)).

By repeating this transformation, P, \ {p} eventually becomes empty, and
P’ satisfies condition (1) with a partition (Pj, Py), where P{ = P; and Py is
similar to a submultiset H of G. And, finally, the unique robot in Pj moves to
a point g such that P; U {q} is similar to G as in case (I).

To carry out this process, we need to specify (i) p € P5 in such a way that
all robots can consistently recognize it, and (ii) ps in (I) and ¢ in (II).

We define a point p € P,. When |Py| = 1, p is the unique element of P,.
When |P;| > 2, let Pio = Py U P5. Then kp,, = 1 by the definition of p;. Since
kp,, =1, > p,, is a total order on Pj5 (and hence on Py), which all robots in P
(in particular, in P,) can compute. Let p € P, be the largest point in P; with
respect to >p,,. Since P» is a set, the robot r at p is uniquely determined, and
r (or its target function) knows that it is the robot to move to ps or g.

We define the target points p3 and g. It is worth emphasizing that r can
choose the target point by itself, and the point is not necessary to share by all
robots.

Point p3 is uniquely determined. To determine g, note that P3 has a super-
multiset P* which is similar to G, and is contained in C5. Thus, r arbitrarily
chooses such a multiset P*, and takes any point in P*\ P; as g. (There may
be many candidates for P*. Robot r can choose any one, e.g., the smallest one
in terms of 1 in its local z-y coordinate system.)

Using points p, ps3, and g defined above, we describe a pattern formation
algorithm PFA = {pf1,pfa,...,pfn} for a goal pattern G, where target functions
pfi(t =1,2,...,n) are defined as follows:

[Target function pf;]
1. When P is not good: pf;(P) = sctf(P).
2. When P is a good configuration satisfying condition (1):
(2a) Suppose that there is a g such that P, U {q} is similar to G. Then
pfi(P) = q if (0,0) € Py; otherwise, pf;(P) = (0,0).
(2b) Suppose that there is no point g such that P, U {q} is similar to G.
Then pf;(P) = ps if (0,0) is the largest point in P, with respect to
> py,; otherwise, pf;(P) = (0,0).
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3. When P is a good configuration satisfying condition (2): pf;(P) = q if
(0,0) is the largest point in P, with respect to > p,,; otherwise, pf;(P) =
(0,0).

Theorem 6. The MAS for the PF is n.

Proof. By Lemma 3, the MAS for the PF is at least n.
On the other hand, PFA is an algorithm of size n for the PF, by the argu-
ments above and the description of PFA. O

6. Fault tolerant scattering problems

A fault means a crash fault in this paper. The f-fault tolerant c-scattering
problem (fFcS) is the problem of transforming any initial configuration to a
configuration P such that |P| > ¢, as long as at most f robots have crashed.

Observation 1.

1. 1SCTA solves the fF1S for all 1 < f < n, since |P| > 1 for any configu-
ration P. The MAS for the fF1S is thus 1 for all 1 < f < mn.

2. The MAS for the nFcS is oo for all 2 < ¢ < n, since |Py| = |P;| = 1 holds
for allt >0, if |Py| = 1, and all robots have crashed at time 0.

Lemma 6. For all1 < f <n—1and 2 < ¢ < n, the fEcS is unsolvable, if
c+f—1>n.

Proof. Suppose that f(> 0) faulty robots have crashed at the same point in
Py. For any configuration P reachable from Py, |P| < n — f + 1. Thus, if
c>n— f+1, then the fFcS is unsolvable. O

Since nF2S is unsolvable by Observation 1, we consider the fF2S for 1 <
f <n —1in the next lemma.

Lemma 7.

1. The fF2S is unsolvable if f =n — 1.
2. If1< f<n—2,(f+2)SCTA solves the fF2S.
3. The MAS for the fF2S is oo if f =n — 1; otherwise, it is f + 2.

Proof. (I) We first show that the MAS for the fF2S is at least f + 2. Proof is
by contradiction. Suppose that there is an algorithm ® = {¢1,¢o,..., P} of
size m < f + 2 for the fF2S, to derive a contradiction.

Let O = {(0,0), (0,0),...,(0,0)} € P,. We show that there is an i such that
¢:(0) = (0,0). To derive a contradiction, suppose that ¢;(O) = p; # (0,0) for
i=1,2,...,m. Consider any robot r; and assume that its target function is ¢;.
We choose the local 2-y coordinate system Z; of r; that satisfies v;(p;) = (1,0).

Let Py = O be an initial configuration. Then, under the FSYNC scheduler,
since P, = {(1,0),(1,0),...,(1,0)}, all robots r; observe O and move to (2,0)
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(in Zy) by the definition of Zj. Thus, by a simple induction, we have P, =
{(t,0), (¢,0),...,(t,0)} and |P;| = 1 for all ¢ > 0. It is a contradiction.
Without loss of generality, we assume that ¢,,(O) = (0,0). Consider the

following assignment: For all + = 1,2,...,m — 1, robot r; takes target function
¢4, and for all j =m,m+1,...,n, robot r; takes target function ¢,,. We also
assume that all robots r;(i = 1,2,...,m — 1) have crashed at time 0. Note that

m—1 < f, because m < f + 2.

Then under the FSYNC scheduler, P; = P, for all t > 0. It is a contradic-
tion. Thus, the MAS for the fF2S is at least f + 2.

Since the MAS for the fF2S is less than or equal to n if fF2S is solvable,
the (n — 1)F2S is unsolvable (since the MAS is at least n + 1).

(IT) We next show that (f 4+ 2)SCTA solves the fF2S,if f < n —2. Proof
is by contradiction. Consider any initial configuration P, satisfying |Py| = 1.
We assume that |P;| = 1 for all t+ > 0, to derive a contradiction. There is a
non-faulty robot r that does not take scti, and there is another robot r’ that
takes sct; by definition.

Since the SSYNC scheduler is fair, there is a time instant at which r is
activated for the first time. Let P, = {p}. Then x;.1(r') = p (regardless of
whether it is faulty or not). On the other hand, x;11(r) # p, since sct;((0,0)) =
(1,0) for all ¢ # 1. Thus |P,41| > 2. It is a contradiction.

Thus the MAS for the fF2Sis f+2,if f <n —2. O

Lemma 8. Suppose that1 < f <n—1,3<c<n, andc+f—1<n. Algorithm
(c+ f —1)SCTA solves the fFcS.

Proof. First we show that (¢ + f — 1)SCTA solves the fFcS, from any initial
configuration Py satisfying |Py| > 2.

Let P; be a configuration at time ¢. Suppose that |P;| > 2, and a non-faulty
robot r; is activated at ¢. By the proof of Theorem 1, if r; and r; have different
target functions, then @;41(r;) # ®44+1(r;), independently of their current posi-
tions @4(r;) and x.(r;), and regardless of whether or not r; is activated. Thus
|P;| < |Pi+1]- To complete the proof, we claim: If || < ¢, then |P| < |Py| for
some t' > t.

For any point p € P, let R(p) be the set of robots which reside at p. If
R(p) includes two robots such that (1) both of them are non-faulty and have
different target functions, or (2) exactly one of them is faulty, then the claim
holds.

Since (¢4 f —1) — f = ¢— 1, there are at least ¢ — 1 non-faulty robots whose
target functions are distinct. By the argument above, there is no point p € P;
such that R(p) includes two non-faulty robots having different target functions.
Since |P| < ¢, |P;| = ¢ — 1, and there is a non-faulty robot in each R(p). It
is because, otherwise, two non-faulty robots having different target functions
reside at a point. Since f > 1, there is a point p such that R(p) includes both
non-faulty and faulty robots, and the claim hold.

Next we show that (¢ + f — 1)SCTA solves the fFcS, from any initial con-
figuration Py. By Lemma 7, (f 4+ 2)SCTA solves the fF2S, if f + 2 < n. Since
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c¢>3, f+2 <c+ f—1 < n, which implies that (c+ f —1)SCTA solves the fF2S
by a similar argument to the proof (II) of Lemma 7. Thus, (¢ + f — 1)SCTA
solves the fFcS from any initial configuration. O

Theorem 7. Suppose that 1 < f <n—1and2 <c<n.

1. If c =2, the MAS for the fF2S is co if f =n — 1; otherwise, if 1 < f <
n — 2, the MAS for the fF2S is f + 2. Indeed, (f 4+ 2)SCTA solves the
FE2S, if1 < f<n-—2.

2. If 3 < ¢ < n, the MAS for the fFcS is co if c+ f — 1 > n; otherwise, if
c+ f—1<n, the MAS for the fFcS isc+ f—1. Indeed, (c+ f —1)SCTA
solves the fFcS, ifc+ f—1<n.

Proof. The case of ¢ = 2 holds by Lemma 7.

As for the case of 3 < ¢ < n, by Lemmas 6 and 8, it suffices to show that
the fFcS is not solvable by an algorithm of size less than ¢ + f — 1, provided
that c+ f—1<nand ¢ > 3.

Suppose that there is an algorithm of size m < ¢+ f — 1 for the fFcS, to
derive a contradiction. Without loss of generality, we may assume that m =
c+f-2>f+1.

The proof is almost the same as the proof (I) of Theorem 1. Let & =
{b1, P2, ..., dm} be any algorithm for the fFeS. Consider the following situation:

1. Allrobots r; (1 < ¢ < n) share the unit length and the direction of positive
T-axis.

2. A target function assignment A is defined as follows: A(r;) = ¢; for
1<i<m-—1,and A(r;) = ¢y, for m <i < n.

3. All robots initially occupy the same location (0,0), i.e., Py = {(0,0)}.

4. All robots r; (1 <i < f) have crashed at time 0.

5. The scheduler is FSYNC.

Let £ : Py, P1,... be the execution of R starting from Py, under the above
situation. By an easy induction on ¢, all faulty robots r; (1 < i < f) occupy
(0,0), for all £ > 0, and all robots ; (f +1 < i < n) with the same target
function occupy the same location, for all + > 0. Thus, [P < m — f+1 =
(c+f—2)— f+1=c—1< ¢, which implies that ® does not solve the fFcS,
for ¢ > 3. O

7. Fault tolerant gathering problems

7.1. At most one robot crashes

The f-fault tolerant gathering problem (fFQG) is the problem of gathering all
non-faulty robots at a point, as long as at most f robots have crashed. The f-
fault tolerant gathering problem to f points (fFGP) is the problem of gathering
all robots (including faulty ones) at f (or less) points, as long as at most f
robots have crashed. We omit f from the abbreviations to write FG and FGP
when f = 1.
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Theorem 8. Provided that at most one robot crashes, 2GATA transforms any
initial configuration into a configuration P satisfying one of the following con-
ditions:

1. [P|=1,
2. is even, P = {py,pa}, and jip(p1) = jip(p2) = n/2, or
1,

3. P = {p1,p2}, pp(p1) = n— 1, pp(p2) = 1, and the robot at py has
crashed.

Proof. We associate a triple A(P) = (kp,mp,—pp) with a configuration P of
n robots, where mp = |P|, and pup is up(op) if kp > 2; otherwise, it is up(p),
where p is the largest point in P with respect to =p. Let < be the lexicographic
order on Z3, i.e., (a,b,c) < (a’,b',c), if and only if (1) a < @/, (2) a = a’ and
b<b,or(3)a=a,b="V,and ¢ < ¢ holds, where Z is the set of integers.

For any given initial configuration Py, let V' be the set of configurations
reachable from Py, i.e., those which occur in an execution starting from Py. We
draw a directed graph DG = (V,F), which represents the transition relation
defined by 2GATA starting from P, i.e., for any two distinct configurations
P,Q eV, P Q,if and only if @ is directly reached from P by activating some
robots.

By the proof of Theorem 2, if P F @, then A(P) > A(Q), and hence DG is a
directed acyclic graph with sinks P¢, where A(Py) is either (0,1, —n) or (2,2,0).

Suppose that for any configuration P there are (at least) two distinct configu-
rations @ and @’ such that P+ @ and P+ Q. Let M (P, P’) be the set of robots
which move during the transition P P’. Since Q # Q', M(P,Q) # M(P,Q’).
We claim that even if a robot, say r, has crashed, there remains a transition
PF Q" in DG. That is, we show that, for any robot r, there is a " such that
PFQ"and r ¢ M(P,Q").

If M(P,Q) # {r}, then there is a robot r'(# r) € M(P,Q). Let Q" be
the configuration reachable from P by activating r’ alone. Then P F Q" and
r & M(P,Q"). Otherwise, if M(P,Q) = {r}, since M(P,Q) # M(P,Q’), there
is a robot r'(# r) € M(P,Q’). By the same reason as above, there is a Q" such
that P+ Q" and r & M(P,Q").

Consider an acyclic directed graph DG’ constructed from DG by removing
all transitions P F+ @ such that r € M(P,Q). Since we assume that every
configuration P has at least two transitions in DG, there is a transition P + Q’
in DG such that r ¢ M(P,Q) for all P, i.e., DG’ still has sinks Pj.

However, there exists a configuration P having exactly one transition to
another configuration. Consider a configuration P such that A(P) = (1,2, —n+
1). P has exactly one transition; if P = {p1,p2}, up(p1) = n—1, and pp(p2) =
1, then the unique robot at ps moves to pi, and the other robot do not move
even if they are activated. Recall that a configuration P such that A(P) is either
(0,1,—n) or (2,2,0) has no transition in DG. Except for these configurations,
ie,if AM(P) ¢ {(1,2,—n+1),(0,1,—n), (2,2,0)}, there are two transitions from
P in DG, which is obvious from the definition of Steps 2 and 3 of 2gat. Thus,
DG’ has sinks P} such that A(Py) is (1,2, —n + 1), (0,1, —n), or (2,2,0).
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_ If P such that A(P) = (1,2, —n+1) has no transition in DG’, then P satisfies
P ={p1,p2}, up(p1) =n—1, up(p2) = 1, and the robot at ps has crashed. O

We have a corollary to Theorem 8.

Corollary 4. If n is odd, 2GATA is an algorithm for the FG. Thus the MAS
for the FG is 1, if n is odd.

2GATA is not a gathering algorithm (and hence does not solve the FG),
since it does not change an unfavorable configuration. The case in which n is
even remains. Indeed, we have the following theorem.

Lemma 9. The MAS for the FG is at least 3.

Proof. Proof is by contradiction. Suppose that there is a fault tolerant gathering
algorithm ® = {¢1, ¢2} of size 2.

We follow the proof of Lemma 2. Consider the case of n = 4. Let R =
{r1,7m9,r3,74}. Then there is a configuration P = {p,p,q,q} such that a ¢;
robot r at p does not move for some local x-y coordinate system Z and a ¢o
robot 7’ at ¢ moves to p for some local z-y coordinate system Z’.

We consider the following configuration: Robots 1 and ry with Z occupy
p. Robot r3 occupies q, whose local x-y coordinate system is a one constructed
from Z by rotating m about the origin. Robots r1, 2, and r3 take ¢; as their
target functions. Robot r4 takes ¢o, occupies g, and has crashed. Since all of
them do not move, it is a contradiction. O

However, there is a symmetric algorithm of size 3 for the FG.

Theorem 9. SGTA = {sgat1, sgats, sgats} solves the FG forn > 3. The MAS
for the FG is 3.

Proof. 1t suffices to show that SGTA solves the FG, since the MAS for the FG
is at least 3 by Lemma 9. The proof is almost the same as that of Theorem 4.

By Theorem 8, it suffices to show that any execution &€ : Py, Py, ... starting
from any unfavorable configuration eventually reaches a favorable configuration
Py, in the presence of at most one faulty robot. We follow the proof of Theorem 4.
If there is a non-faulty robot which takes sgat; for i = 1,2,3, the proof of
Theorem 4 correctly works as a proof of this theorem.

All what we need to show is the case in which a target function, say sgaty,
is taken by a unique robot r, and r crashes, so that there is no non-faulty robot
taking sgat; after the crash. However, the same argument holds, since the
“target point” of r, i.e., the current position, is different from the target points
of the other robots. O

Let us next consider the FGP. The FGP is definitely not easier than the
FG by definition. However, you might consider that the difference of difficulty
between the FG and the FGP would be subtle, since the problem of converging
all robots (including faulty ones) at a point in the presence of at most one
faulty robot (the counterpart of the FGP in convergence) is solvable by a simple
Goto-Gravity-Center algorithm (CoG) of size 1 [8].
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Theorem 10. The FGP is unsolvable. That is, the MAS for the FGP is co.

Proof. To derive a contradiction, suppose that there is an algorithm @ for the
FGP. Consider any execution & : Py, Pi,... with initial configuration P, such
that [Py] > 1 under a central schedule S, which activates exactly one robot at
a time. (Note that any central schedule is an SSYNC schedule.) Provided that
no robots crash, S tries not to lead £ to a goal configuration as long as possible
(i.e., S is an adversary for ®).

Since @ is an algorithm for the FGP, no matter which S is given, there is a
time t such that P, = {q1,q2}, pe(q1) =n — 1, pe(g2) = 1, and the destination
point of each robot at qq is q.

If the robot at go crashes at ¢, then for all ' > ¢, P,y = P, a contradiction.

O

7.2. At most f robots crash

The f-fault tolerant c-gathering problem (fFcG) is the problem of gathering
all non-faulty robots at ¢ (or less) points, as long as at most f robots have
crashed. The f-fault tolerant c-gathering problem to ¢ points (fFcGP) is the
problem of gathering all robots (including faulty ones) at ¢ (or less) points,
as long as at most f robots have crashed. When ¢ = 1, fFcG is abbreviated
as fFG, and fFcGP is abbreviated as fFGP when ¢ = f. The fFcG is not
harder than the fFcGP by definition. In general, the fFc¢GP is not solvable if
¢ < f. Theorem 10 shows that fFGP is unsolvable when f = 1. As a corollary
of Theorem 8, we have:

Corollary 5. 2GATA solves the 1IF2GP. The MAS for the 1F2GP is 1.

SGTA transforms any goal configuration of the 1F2G into a goal configura-
tion of the FG by Theorem 9, but the transformation of any goal configuration
of the 1F2G into a goal configuration of the FGP is unsolvable by the proof of
Theorem 10, which shows the difference between FG and FGP. For a configura-
tion Pt, let my = |E‘, k‘t = tha He = 1p,, Ct = Cpt, Oy = Op,, CHt = CH(Pt),
and —t=rp,-

Lemma 10. For any 1 < f <n —1, 2GATA solves the fFG from any initial
configuration Py satisfying ko = 1.

Proof. Consider any initial configuration Py satisfying ky = 1, and let & :
Py, Py, ... be any execution, provided that at most f robots crash. Let F; be
the set of faulty robots at time ¢t. For any ¢, Fy C Fyy1. Let F' = limy_, o F}.
Then |F| < f.

By the definition of 2GATA, k; = 1 for all ¢, and every non-faulty robots
activated at ¢t moves to pg, where py € P, is the largest point with respect to
0. Note that py € P, and it is still the largest point in P, with respect to ;.

If r € F and r is not at pg, then eventually r is activated and move to pyg.
Thus all non-faulty robots eventually gather at py. O
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Note that even if a configuration P; such that k; =1 and p¢(po) =n — 1 is
reached, we cannot terminate 2GATA (to solve the fFG), since the robot not
at po may be non-faulty.

Lemma 11. For any 1 < f < n — 1, provided that at most f robots crash,
2GATA transforms any configuration Py into a configuration P satisfying one
of the following conditions :

1. P is a goal configuration of the fFG, or

2. n is even, P = {p1,p2}, and pup(p1) = pp(p2) = n/2.

Proof. Consider any execution &£ : Py, Py, ... starting from any configuration
Py. Proof is by contradiction. By Lemma 10, to derive a contradiction, assume
that k; > 2 for all t > 0.

We follow the proof of Theorem 8, and construct a directed acyclic graph
DG = (V,F) for Py, where V is the set of configurations reachable from Py by
2GATA. It represents the transition relation between configurations, when no
robots are faulty. However, any execution £ in which some robots may crash is
also represented by a path in DG from F.

Consider any configuration P; such that k; > 2. Let A; be the set of robots
not at oy, and let F} be the set of faulty robots at t. If A; C F}, all non-faulty
robots are at oy, and hence P, is a goal configuration of the fFG.

If Ay € Fy, since there is a non-faulty robot r not at oy, there is a configu-
ration @ such that P; - Q and A(FP;) > A(Q).

Since DG is a directed acyclic graph, eventually the fFG is solved (satisfying
A; C Fy), or P, reaches a sink Py of DG (since (V,>) is a well-founded set). O

Theorem 11. 2GATA solves both the fF2G and the fF(f + 1)GP, for all f =
1,2,...,n—1. The MAS for each of the problems fF2G and fF(f + 1)GP is
1, forall f=1,2,...,n—1.

Proof. Immediate by Lemmas 10 and 11. O
We already know that SGTA solves fFG if f =1 by Theorem 9.

Theorem 12. SGTA solves the fFG for all f =2,3,...,n—1. The MAS for
the fFG 1is 3.

Proof. Since there is no algorithm of size 2 for the 2FG by Lemma 9, it suffices to
show that SGTA solves fFG. Consider any execution £ : Py, P, ... starting from
any configuration Py. We show that eventually £ reaches a goal configuration
of fFG, provided that at most f robots have crashed. By Lemma 11, we may
assume that P, is unfavorable, i.e., my = 2 and ky = 2 hold. By the definition
of SGTA, P, is linear for all t > 0.

Suppose first that there is a time ¢ such that P, is (linear and) favorable,
i.e., either my # 2 or k; # 2 holds. Like the proof of Lemma 11, consider
DG = (V,b) for P;.. Using the same argument as the proof of Lemma 11,
eventually the fFG is solved (satisfying A, C F}), or P, reaches a sink Py of
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DG (since (V,>) is a well-founded set). By (I) of the proof of Theorem 2, the
sink Py is a goal configuration of fFG, i.e., mp, = 1.

Without loss of generality, we may assume that n is even, Py = {p1,p2},
and po(p1) = po(p2) = n/2. We assume that mp, = 2 and kp, = 2 for all
t > 1, to derive a contradiction. We follow the proof of Theorem 9. Let R;
be the robots initially at p; for ¢ = 1,2. Suppose that a non-faulty robot at
p1, say 11, is activated at time 0. Then all robots at p; are non-faulty and
must be activated simultaneously. Furthermore, they all take the same target
function, say sgaty, since otherwise m; > 3 holds. As long as the robots R;
are activated, a configuration P; satisfies P; = {q1,p2} for some point q;, and
to(q1) = po(gz2) = n/2, where the set of robots in R; is at q.

Since the scheduler is fair, let ¢ be the first time instant that a non-faulty
robot in Ry, say ro, is activated. Then all robots at ps are non-faulty and
must be activated simultaneously. Furthermore, they all take the same target
function. It is a contradiction, since both sgats and sgats are taken by some
robots in Ry. Thus there is a time t such that P, is linear and favorable, and
the proof completes. O

Theorem 13. The fFGP is unsolvable for f =2,...,n— 1.

Proof. A configuration P is a goal configuration if mp = |P| < f. Proof is by
contradiction. Suppose that there is an algorithm & for the fFGP.

We arbitrarily choose a configuration Py such that mg > f, and consider
any execution & : Py, Py,... from Py, provided that no crashes occur, under a
schedule S we specify as follows: For P, let A; be a largest set of robots such
that its activation does not yield a goal configuration. If there are two or more
such largest sets, A; is an arbitrary one. Then S activates all robots in A; at
time ¢, and the execution reaches P,;1, which is not a goal configuration. (A,
may be an empty set.)

Since £ does not reach a goal configuration forever, S violates the fairness,
because @ is an algorithm for fFGP. Let U be the set of robots which are not
activated infinitely many times in £&. We assume that S makes U as small as
possible.

We show that |U| < f. The proof is by contradiction. Suppose that f < |U]
to derive a contradiction. Let fy be a time such that any robot in U is not
activated thereafter. The positions of the robots in U at t( is denoted by @ =
{z4,(r) | 7 € U}. Then obviously Q C P, for all t > to. If x4, (r) = x4, (') € Q
for some r,7’ € U, then a contradiction to the maximality of Ay, is derived;
activating Ay, U {r} does not yield a goal configuration. Thus, exactly one
robot in U resides at each g € @Q, and hence |Q| = |U| > f.

Let r be any robot in U, and let q be its destination at time to. If ¢ & Q, then
a contradiction to the maximality of Ay, is derived; activating A;, U{r} does not
yield a goal configuration, since |(Q \ {z¢, (r)}) U{q}| > (1Q|-1)+1=|U| > f.
Thus, q € Q.

Consider a directed graph G = (Q, E), where (p,q) € E, if and only if the
destination of a robot r € U at p at time ¢y is q. Recall that there is a bijection
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between U and Q. Since the outdegree of every vertex p € Q is 1, there is a
directed loop L C @ (which may be a self-loop) in G. It is a contradiction to
the maximality of A, ; activating A;, U L does not yield a goal configuration.
Thus, U] < f.

Suppose that at o all robots in U crash, and consider a schedule S’ that
activates A; for all 0 <t <tg—1, and A, UU for all t > ty. Then the execution
&’ starting from Py under &’ is exactly the same as £, and does not reach a goal
configuration, despite that S’ is fair; ® is not an algorithm for the fFGP. It is
a contradiction. O

8. Conclusions

We have proposed the minimum algorithm size (MAS) as an essential mea-
sure to measure the complexity of a problem, and showed an infinite hierarchy
of the problems with respect to their MASs to justify this proposal; the set of
problems with MAS being ¢ is not empty for each integer ¢ > 0 and oo, and
hence target function is a resource irreplaceable, e.g., with time. Then, under
the SSYNC scheduler, we have established the MASs for the self-stabilizing
gathering and related problems.

Main results are summarized in Table 1. For example, we have clarified the
difference between two similar fault tolerant gathering problems, the FG and
the FGP; the MAS for the FG is 3, while the one for the FGP is co. It might
be interesting to observe that, for 2 < ¢ < n, the MAS is ¢ for the ¢SCT and
the one for the cGAT is 1. This fact is counter-intuitive, since gathering objects
(which decreases entropy) seems to be a harder task than scattering objects
(which increases entropy).

An open question asks how the time complexity decreases, as the number of
target functions that an algorithm can use increases. It may be interesting if a
kind of time acceleration theorem holds.

Another question asks the relation between the MAS of a problem IT and
o = mingeg 0(G), where G is the set of IT's goal configurations and o(G) is the
symmetricity of G. Observe that identifiers are mainly used to break symmetry,
i.e., to decrease the symmetricity.

Finally, we conclude the paper by giving a list of some open problems.

1. Complete Table 1 for the problems under the FSYNC scheduler.

2. What is the MAS for the gathering problem under the ASYNC scheduler?

3. For a fixed pattern G, what is the MAS for the pattern formation problem
for G7

4. What is the MAS for the f-fault tolerant convergence problem to f points,

for f > 37

What is the MAS for the Byzantine fault tolerant gathering problem?

Characterize the problem whose MAS is 2.

Characterize the problem whose MAS is co.

For a homonymous distributed network with topology G, consider the

number of identifiers necessary and sufficient to solve the leader election

problem.

®© N oo
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